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Abstract Although Fabry-Perot-cavity (FPC) based refractometry has demonstrated an extraordinary potential for
assessment of refractivity and pressure, such systems are often adversely affected by various type of disturbances
(drifts, fluctuations, and noise). The realization of high-performance systems therefore requires an exceptional me-
chanical stability, a low noise electrical environment, and temperature stabilized conditions. The gas modulation
refractometry (GAMOR) methodology has been developed to automatically mitigate the influence of various types of
disturbances on assessments of refractivity. It is based on two principles: (/) an assessment of the refractivity of the
gas in the measurement cavity by a frequent referencing of filled measurement cavity beat frequencies to evacuated
cavity beat frequencies; and (ii) an estimate of the empty measurement cavity beat frequency by an interpolation
between two evacuated beat frequency assessments performed just before and after the filled cavity assessments.
By this, the methodology can swiftly mitigate the influence of various types of disturbances in refractometry systems,
e.g. changes in length of the cavity caused by relaxations or drifts in the temperature of the spacer and drifts from gas
leakages and outgassing. The methodology has demonstrated an outstanding performance regarding precision; it
has repeatedly demonstrated assessments with sub parts-per-million precision. This guide provides a compilation of
the principles, properties, and performance of the GAMOR methodology applied to dual FPC (DFPC) refractometry.
First, a short introduction to ordinary FPC-based refractometry is given, where its susceptibility to various types of
disturbances is highlighted. The guide then provides general expressions for how to assess refractivity from mea-
surements of shifts of the beat frequency and mode hops that serve as the basis for FPC-based refractometry in
general as well as for GAMOR based instrumentation. Pressure is then assessed by the use of the Lorentz-Lorenz
expression and an equation of state. This is followed by explanations and descriptions of the ability of the GAMOR
methodology to mitigate the influence of fluctuations and drifts. Next, a short description of the most commonly used
experimental set-up, viz. an Invar-based DFPC system, is given. This is followed by an illustration of the operation
and performance of the methodology. A summary of the most important achievements of the GAMOR methodology
is given. After an experimental verification of the ability of the GAMOR methodology to mitigate the influence of fluctu-
ations and drifts, its precision is illustrated under various conditions. It is shown that an Invar-based FPC system can
provide a sub-0.1 ppm precision when addressing vacuum pressures and that two GAMOR based refractomomters
coupled to the same pressure gauge can provide a short-term correlation that is well into the 1078 range. It is also
shown that these properties have allowed for the development of disturbance-resistant methodologies for assess-
ment of cavity deformation and mirrors penetration depth. To assess its uncertainty, also the influence of pV-work
and its ability to assess the gas temperature have been addressed. It has been concluded that GAMOR-based in-
strumentation can provide an expanded uncertainty (k=2) of [(10 mPa)? + (10 x 107°P)?]"/2. It is also shown that
its extraordinary properties allows for realization of transportable set-ups. Finally, to facilitate the dissemination of the
GAMOR methodology, this guide provides a recipe on how to implement GAMOR in a DFPC-system.
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1 Introduction

1.1 The pascal

In the SI-system of units, the pascal is defined as the
force per unit area. In practice, it is realized with
mechanical devices such as pressure balances and
liquid manometers [1-5]. Their performance, how-
ever, has remained essentially unchanged over the
past few decades and they suffer from practical and
environmental limitations.

By the revision of the SI-system 2019 in which
the Boltzmann constant was given a fixed value
[6, 7] and by highly accurate ab-initio calculations
that relate optical properties of the gas to its num-
ber density (e.g., the molar polarisability of helium
has been calculated with an uncertainty of 10~/ [8]),
an alternative path to realize the pascal has become
feasible [9]. By measuring the refractivity and the
temperature of a gas, it is possible to calculate its
pressure by the use of the Lorentz-Lorenz equation
and an equation of state [10-17].

Since such an assessment of pressure is not de-
pendent on any mechanical actuator but instead
measures directly on the gas, it potentially decreases
uncertainties and shortens calibration chains. This
justifies the use of optical techniques for assessment
of pressure and realization of the pascal.

1.2 Fabry-Perot-based refractometry

The most sensitive instruments are currently based
on Fabry-Perot (FP) cavities (FPCs) where a laser is
used to probe the frequency of a longitudinal mode
[13-22].

FPC-based refractometry is built on the fact that
the index of refraction, n, constitutes the ratio of an
optical length in the presence and absence of gas;
for FPC-based refractometry, with and without gas
in the cavity, here referred to as L (= nL,) and L,
respectively [13-17]. In practice, the optical lengths
are assessed by measuring the frequency of a laser
that is locked to a longitudinal mode of the cavity. By
this, the shift of the frequency of the mode that takes
place when gas is let into an FPC will be transferred
to a shift in the frequency of the laser light.!

1A common way to assess such a shift is to mix the frequency
of the laser light down to a radio frequency (RF) by the use of an-
other laser (a reference laser). This can practically be achieved by
merging the two laser fields onto a photodiode. By this, the beat
frequency between the two can be measured directly from the
photodiode response by the use of a frequency counter. This im-

Since frequency is the entity that can be assessed
with highest accuracy in our society (up to one part
in 10'® and potentially even one part in 10'8) [23-
25], where the basic limitation is thermal noise in
the mirror substrate and coatings, and the cavity
spacer, this opens up extraordinary abilities regard-
ing precision and dynamic range. While assessments
of pressure with a single instrumentation today are
commonplace from the low mPa region up to at-
mospheric pressure (100 kPa), it has been proph-
esied that both pPa and hundreds of kPa assess-
ments might soon also be prevalent [9, 16-18, 26—
29]. Much of this was the basis for the EMPIR JRP
18SI1B04 "QuantumPascal” project that was initiated
2019. At the start of this project, the then most ad-
vanced optical realisation of the pascal, based on a
dual FPC (DFPC) interferometer at NIST (the FLOC
system), had demonstrated a claimed relative uncer-
tainty of 9 x 107 at 100 kPa and 2 x 107> at 1 Pa
[30].

Although that work demonstrated the extraor-
dinary potential of FPC-based interferometry, as is
further discussed below, it has unfortunately also
been recognized that FPC-based refractometry sys-
tems are highly sensitive to various types of distur-
bances. The realization of high-performance sys-
tems therefore requires an exceptional mechanical
stability and a quiet (i.e. a noise-, interference-, and
drift-minimized) environment. However, some of
the actions performed to achieve such conditions
have been found to cause various types of limita-
tions. For example, ultra-low expansion (ULE) glass,
which has been used to reach ultra-stable conditions
[17, 30], has shown to have a permeability of He that
gives rise to significant memory effects in the form of
reduced gas purity, increased residual gas pressure,
and altered cavity length [31], which has aggravated
low uncertainty assessments. Attempts to alleviate
such effects have included means to let the cavity re-
lax for a substantial amount of time, which though
instead introduces drifts. Issues such as these have,
for some time, limited the use of FP-refractometry
for accurate assessments of pressure and realization
of the pascal.

As a means to mitigate this type of limita-
tions, the gas modulation refractometry (GAMOR)
methodology, which has an ability to minimize (or

plies that the shift in the frequency of the cavity mode addressed
when gas is let into the cavity is converted to a shift into a mea-
sured beat frequency.
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even eliminate) the influence of several of these
types of limitations, has been developed. This guide
provides a compilation of the principles, properties,
and performance of the GAMOR methodology fol-
lowed by a detailed recipe on how to implement
GAMOR in a DFPC-system

2 Limitations of refractometry

2.1 Definition of various types of

disturbances and their origin
Hence, although it is simple in theory to realize
FPC-based instrumentation and to perform low un-
certainty refractivity assessments, it is not trivial in
practice to carry them out. One reason is that FPCs
often are exposed to a variety of disturbances on dif-
ferent time scales, for simplicity here referred to as?

* high-frequency disturbance (f > 0.1 Hz), here
denoted noise;

* low-frequency periodic disturbances (10 uHz <
f < 0.1 Hz), referred to as fluctuations; and

* monotonic (or ultra-low frequency) distur-
bances (f < 10 uHz), termed drifts.

While noise can originate from a number of
sources, e.g. electronics, fast vibrations, and turbu-
lence, fluctuations can be caused by slow air pres-
sure variations, slow vibrations (e.g. from motions
of air damped optical tables or buildings), slow dis-
turbances of the central supply of power, and tem-
perature regulation processes in electronics. Drifts
can originate from a number of sources, not least
from changes of the length of the cavity, e.g. from
thermal expansion, aging, relaxations, and diffusion
of gas into the material that can change its length in
an unpredicted manner. Irrespective of whether the
disturbances can be identified or not, all of them will

2There are no strict boarders between the various types of dis-
turbances. We have here defined noise as periodic disturbances
whose frequencies are above 0.1 Hz, since this corresponds to the
inverse of the time over which consecutive data points typically
are averaged, in this work denoted 1/t,,,. Drifts are defined as
monotonic disturbances or periodic disturbances whose frequen-
cies are below the inverse of the time between the assessments
of refractivity in the presence and absence of gas in conventional
refractometry. Since this time is assumed to be in the order of
10° s, drifts are here defined as the disturbances whose frequen-
cies are below 10 uHz. Fluctuations, finally, are characterized as
disturbances whose frequencies are between these two.

affect the ability to perform high quality (high preci-
sion and low uncertainty) measurements, sometimes
severely [15, 17, 31-33].

The high sensitivity to disturbances was early rec-
ognized as a practical limitation of FPC-based inter-
ferometry for high-accuracy assessment of pressure
and realization of the pascal. For example, a distur-
bance that causes a change in the length the cavity of
1 pm, a fraction of the "size" of an individual atom,
gives rise to, for a 15 cm long cavity, a change in
pressure of 2 mPa. It was therefore widely recog-
nized that the realization of refractometry systems
requires an exceptional mechanical stability.

This implies, among other things, that it is far
from trivial to assess refractivity with low uncer-
tainty by assessing L, and L in two separate as-
sessments. A number of procedures to reduce the
amount of disturbances, and thereby alleviate some
of the above-mentioned limitations, have therefore,
over the years, been developed and implemented.

2.2 Conventional means to reduce the
influence of disturbances in

refractometry

One means to reduce the amount of disturbances in
a system is to base FPC-based refractometry on DF-
PCs in which the two cavities are simultaneously ad-
dressed by two laser fields and the change in mode
frequency of the cavity in which gas is let in is as-
sessed as the change in the beat frequency between
the two cavities [16, 17, 27, 30, 31, 33-37]. An ad-
vantage of this is that any change in length of the
spacer that affects both cavities similarly does not
affect the assessment. However, since the lengths of
two cavities also can fluctuate dissimilarly over time,
DFPC-based refractometry will still be affected by
disturbances, although often to a lesser extent [17].

Another means to alleviate the limitations are to
construct the FPC of low thermal expansion glass,
e.g., ULE glass [17, 30] or Zerodur [13-16, 18, 19,
33, 34, 36, 38-40], place it in a highly temperature
stabilized environment (a combined gas and vacuum
chamber) [17], and let the system relax and equili-
brate for long time periods after each gas filling or
emptying process [ 17]. However, several of these ac-
tions are cumbersome to pursue and increase both
the complexity of the systems and the susceptibility
to drifts. This limits the use of the technology out-
side well-controlled laboratories.
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Although these types of procedures frequently
are utilized to reduce various types of disturbances,
assessments of refractivity are still often limited by
their residual amounts. This limits the performance
and thereby the applicability of FPC-based refrac-
tometry, in particular when low pressures are as-
sessed, since disturbances then can severely limit the
sensitivity of the instrument.

2.3 A novel means to reduce the
influence of disturbances on the
assessment of refractivity — Gas
Modulation Refractometry (GAMOR)

Instead of reducing the amount of disturbances in
a system, it is alternatively possible to utilize a
methodology that can reduce their influence on the
assessment of refractivity. One such is gas modula-
tion refractometry (GAMOR). This methodology is
built upon two principles, here referred to as two
cornerstones; viz.,

(i) the refractivity of the gas in the measurement
cavity is assessed by a frequent referencing of
filled measurement cavity beat frequencies to
evacuated cavity beat frequencies; and

(i) the evacuated measurement cavity beat fre-
quency at the time of the assessment of the filled
measurement cavity beat frequency is estimated
by use of an interpolation between two evacu-
ated measurement cavity beat frequency assess-
ments, one performed directly before and one
directly after the filled cavity assessments.

Molar density and pressure are then assessed
from the refractivity as for "conventional" FP-based
refractometry, i.e. by the use of the Lorentz-Lorenz
expression and an equation of state.

By this, as is illustrated below, the GAMOR
methodology mitigates swiftly and conveniently
(i.e. automatically) the influence of various types
of disturbances in refractometry systems, not only
those from changes in length of the cavity (e.g. those
caused by ageing or drifts in the temperature of the
cavity spacer), but also several of those that have
other origins (e.g. those from gas leakages and out-
gassing) [35, 41-44].

2.4 Content of this guide

This guide first provides (in section 3) expressions
for assessment of refractivity in FPC-based refrac-
tometry in general, and in DFPC-based systems in
particular, that are suitable for the GAMOR method-
ology. Focus is on FPC systems exposed to cavity de-
formation utilizing distributed Bragg reflector (DBR)
equipped mirrors comprising a quarter wave stack
(QWS) in which the outermost layer has the high-
est index of refraction, referred to as type H, in the
presence of the Gouy phase.

It then describes (in section 4) the basic princi-
ples of the GAMOR methodology by separately pro-
viding explanations and descriptions of the ability of
the GAMOR methodology to mitigate the influence
of fluctuations and drifts.

It thereafter provides (in section 5) a short de-
piction of the most commonly used instrumentation
for GAMOR-based refractometry, viz. an Invar-based
DFPC system.

By use of some typical cycle-resolved data, it
then gives (in section 6) an illustration of the oper-
ation and performance of the GAMOR methodology
in practice.

Thereafter, it provides (in section 7) an overview
of the most important and extraordinary achieve-
ments of the GAMOR methodology; in particular a
verification of the theoretical predictions regarding
its ability to mitigate the influence of fluctuations
and drifts (in section 7.1) and an illustration of the
extraordinary/exquisite precision it has achieved un-
der various conditions (in section 7.2). After report-
ing on some concepts of importance for the ability of
GAMOR-based refractometry performed in an Invar-
based DFPC to provide low uncertainty assessments
— its low susceptibility to thermodynamic effects,
so called pV-work (in section 7.3.1), its ability to
assess the gas temperature (in section 7.3.2), and
its ability to accurately assess cavity deformation (in
section 7.3.3) and penetration depth of mirrors com-
prising QWS coatings of type H (in section 7.3.4) —
this guide reports (in section 7.3.5) on the extended
uncertainty the methodology so far has achieved.

It then provides (in section 7.4) a demonstration
of its ability to realize transportable FP-based refrac-
tometry systems.

Finally, after a summary of its basic features (in
section 8), and most importantly, this guide provides
(in section 9) a step-by-step recipe of how to re-
alize the GAMOR methodology, both conceptually
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(how to carry out the modulation and detection pro-
cess) and practically (how to construct suitable in-
strumentation).

The guide is based upon scientific papers pub-
lished during the last few years, to some extent deal-
ing with the predecessor to the GAMOR methodol-
ogy (Drift-free or Fast switching DFPC-based refrac-
tometry [33, 35, 36]), but mainly referring to pa-
pers addressing the GAMOR methodology, of which
a few were published before the EMPIR JRP 18SIB04
”QuantumPascal” project [41-43] while a majority
of them have been published as a part of it [44-58].

3 Theory

3.1 Assessment of refractivity

Irrespective of whether FPC-based refractometry is
performed unmodulated or modulated, it is based
on the same fundamental principle; it measures the
change in refractivity between two situations, with
and without gas in a cavity (henceforth referred to
as the measurement cavity), as a change in the fre-
quency of laser light that is locked to a mode of the
cavity.

3.1.1 General expression for the

refractivity assessed from a single
FP cavity in the presence of cavity
deformation, mirror penetration
depth, and the Gouy phase
When the penetration depth from mirrors and the
Gouy phase are taken into account, the frequency of
a given mode in a Fabry-Perot (FP) cavity can be ob-
tained by the use of a round-trip resonance condition
for the phase of the light. As is shown in Appendix
A, following Koks and van Exter [59], for the m‘"
TEM,, mode of an FP cavity with DBR mirrors, such
a condition can be written as

Zkln(L0+5L)+¢1 +¢2_26G =27Tm, (1)

where k;, is the wave vector of the light in the cav-
ity, L, the distance between the front facets of the
two DBRs coatings of the mirrors when the cavity
is empty, 6L the pressure induced cavity deforma-
tion, ¢; and ¢, the reflection phases of the two DBR
equipped mirrors, © the (single pass) Gouy phase,
and m an integer, representing the number of the

longitudinal mode the laser addresses, defined by
Eq. 0.3

As is shown in Silander et al. [51] as well as in
Appendix A, for the case with mirror coatings com-
prising a QWS of type H, and for the case when the
working ranges are centred on the mirror center fre-
quency, the frequency of the mode of the cavity the
laser addresses in the absence and in the presence of
gas (when addressing the mY" and the m"* modes,
respectively), v, and v, can be written as

cmy(1+ 2% + L)

m, ' mg
= 2
Yo 2(Ly+2L..) =
and
em (1422 + 1) -

- (Lo+6L+2L,.)

respectively, where we have introduced y. and
L. ., two purely material-dependent but index-of-
refraction-independent parameters, which, on the
mirror center frequency, v,, are given by 27.v./n
and cy./(4v.), respectively, where 7. is the group
delay (GD), which represents the time delay a
narrow-band light pulse experiences upon reflec-
tion.* For the case when an ideal QWS is considered,
y. is given by (ny —n; )™}, where the two indices of
refraction denote the high and lower indices of the
coating materials, respectively. It can be noticed that
L. . represents the frequency penetration depth of a
single mirror (2L thus represents the elongation
of the length of the cavity experienced by the light
during scans due to the penetration of light into the
mirror coatings).

For sufficiently large changes in pressure in the
cavity, the frequency of the laser cannot follow that
of a given cavity mode, whereby it needs to make a

3When the effect of the mirror penetration depth and the Gouy
phase are neglected, as has been the case in some situations when
specific features of the technique have been under scrutiny [35,
41, 42, 52], it is customary to view the resonance condition as
a condition on the number of wavelengths the light experiences
under a round trip, as 2n(Ly + 6 L) = qA, where q is the number
of wavelengths the light experiences in a round trip in the cavity.

4Equation (3) shows that when the mirror penetration depth
and the Gouy phase are neglected, as was done in some previ-
ous works in which specific features of the technique were scruti-
nized (as, e.g., in [35, 41, 42, 52]), it is adequate to express the
frequency of the cavity mode addressed in a simpler form, viz. as

°q

Y L+ oL) @
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mode jump. This implies that m might differ from
my. Denoting this difference Am, and, by defining
the shift in the frequency of the laser that takes place
when the gas is let into the cavity, Av, as v, — v, as
is shown in the same Appendix as well as in Silander
et al. [51], it is possible to express, when the work-
ing range is centered on the mirror center frequency,
with a minimum of approximations (on the 10~° to
alow 1078 level), the refractivity in term of measur-
able quantities and material parameters as

L1+ e+ Ly 4m
n—1= (5)
— 221+ 2 ®G + L)+ 9‘3 +ne’

mmg

where we have introduced ¢’ as the refractivity-
normalized relative elongation of the length of the
cavity due to the presence of the gas, defined as
% %, where L’ is the length of the cavity mode ad-
dressed experienced by the light in vacuum, given by
Lo+2L, >°

Since the ne’ product in the expression above has
a weak dependence on refractivity, through both the
n and the ¢’ entities, Eq. (5) constitutes an expres-

sion that has a weak recursivity.” However, as is

51t can be noticed that the deformation dependence of Eq. (5)
agrees with that of Eq. (2) in Egan and Stone [16]; series expand-
ing Eq. (5) in terms of the distortion (ne’) and making use of the
definition of &’ gives

e [
RO+ e+ Ly 2 5
n—l= Av ¢ Te @G - L_/ ®)
1— (1+an+ )+ =mg

This indicates that the &’-concept is a fully analogous alternative
to the L _concept to describe the influence of cavity distortion in

refractometry.

6Equation (5) shows that when the mirror penetration depth
and the Gouy phase are neglected, it is adequate, as was done
in some works in which specific features of the technique were
scrutinized, e.g. [35, 41, 42, 52], for the case when the gas pres-
sure and the cavity deformation are restricted so that (n—1)¢’ is
negligible with respect to unity, to express the refractivity as

Ay 4 Am
n—1= %, (7)
1— V_O +¢€

5L 1

o n—1°

7 Although this is a recursive equation in n — 1, the recursivity
is, in general, very weak; the (n — 1)¢’ term in the denominator,
which is the part of the ne’ that carries the recursivity, seldom
contributes to the assessed refractivity by more than a few times
107° on a relative scale. This implies that it is sufficient to utilize,
in a recursive manner, a first order estimate of n — 1 with solely
one to two significant digits for the (n — 1)¢’ term to obtain a
relevant value for n—1.

where ¢ is defined as

shown in Silander et al. [51] as well as in Appendix
A, when the relative elongation is assumed to be lin-
ear with pressure, i.e. when % can be considered to
be given by kP where P is the pressure of the gas
and « is the pressure-induced distortion coefficient,
and when nitrogen is addressed, the weak depen-
dencies of the n and the ¢’ entities cancel. In this
case, Eq. (5) can be expressed in a simpler manner,
without any recursivity, as

Ay © Yc
P+ e+ o)+ o

mmg
Ay
— v_o(l + =<

(8)

n—1= 66 e

=+ A )+ -+ 50
where 80 is given by xRT 33~ A , where R, T, and Ay
denote the ideal gas constant, the temperature, and
the dynamic molar polarizability, respectively [41,
52].

Although Eq. (8) is fully adequate under the
aforementioned conditions (i.e. when the relative
elongation is linear with pressure and when nitrogen
is addressed), and irrespective of whether any mod-
ulated methodology is used or not, it can, by defin-
ing an "effective" empty cavity frequency, v;, given
by v,/(1 +
form, viz. as

-+ 7‘ ) be written in a more succinct

n—1= 9

where Av is defined as Av/ v’o and where Am is a
short hand notation for %, that is more suitable
when gas modulation, in which assessments often
are performed in a real-time manner, is applied.

Since this expression has much resemblance with
the previously used simpler type of expression, used
when specific features of the technique were scruti-
nized [35, 41, 42] and when the influence of pene-
tration depth and the Gouy phase were neglected,
given by Eq. (7) in footnote 6 above, this shows
that even when the penetration depth and the Gouy
phase are taken into account, it is possible, with a
few simple redefinitions of entities, to make use of
the simpler type of expression.®

8This shows that the presence of mirror penetration depth and
the Gouy phase can be seen as a shift of the empty cavity laser
frequency (transforming v, to vg) and that the Gouy phase addi-
tionally provides a contribution that adds to the cavity deforma-
tion (transforming € to —* nmo + 50) It also shows that the quantum
number g, which, as is shown in Eq. (4) in footnote 4, commonly
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As is shown in Silander et al. [51] as well as in
Appendix A, when the mirrors are not used around
their center frequency, the cavity mode frequencies
and refractivity given above, i.e. the Egs. (2), (3),
and (7) - (9), can be used as long as the L, . and y,
are replaced by L. ; and y/, which are given in terms
of 7,(n), the GD at the center frequency of the light,
and A, the frequency difference between the mir-
ror center frequency and the center of the working
range, given by v, — v,.

3.1.2 Dual-FP-cavity refractometry

As was alluded to above, for improved performance,
refractometry is often implemented in DFPC sys-
tems. This implies that the change in refractivity, in
practice, is assessed as a shift in the beat frequency
between the frequencies of two lasers, one address-
ing the measurement cavity, and one probing the
reference cavity, when gas is let into (or evacuated
from) the former one [41, 47, 52, 53, 55].

In this case, each laser is locked to its own cav-
ity. The shift in the frequency of the measurement
cavity is then assessed as a shift in the beat fre-
quency between the two laser frequencies, f, given
by | v, — v, |, where v, and v,, are the frequen-
cies of the measurement and reference lasers (ad-
dressing the measurement and reference cavities),
respectively. This implies that Eq. (9), instead of be-
ing expressed in terms of the shift of the frequency
of the measurement cavity, Av, can alternatively be
expressed in terms of the shift of the beat frequency,
Af, which is given by the difference in the beat
frequencies when measurement cavity is empty and
filled with gas, respectively, i.e. as f @ —f®) and, in
case any possible change in the number of the mode
addressed in the reference cavity take place, addi-
tionally also in this.

3.1.3 Procedures and expressions for the
GAMOR methodology

Although the expressions above provide adequate
estimates of the refractivity in the ideal case, since
the evacuated and the filled measurement cavity
beat frequencies [i.e. the f(© and the f®&), respec-
tively] cannot be assessed simultaneously, the as-

is used when the mirror penetration depth and the Gouy phase
are neglected, is related to m, which, according to Eq. (1), is the
relevant mode number in the presence of the aforementioned con-
cepts,byg=m+ G?G +ny,.

sessed refractivity will be affected by the presence
of various types of disturbances that the system can
be exposed to, predominantly fluctuations [43] and
drifts [44]. To mitigate the effect of such types of dis-
turbances, the GAMOR methodology incorporates a
process in which the evacuated measurement cav-
ity beat frequency, f(©, is, for each gas modula-
tion cycle, not assessed at a single instant; it is in-
stead estimated for all time instants of the modu-
lation cycle by the use of a linear interpolation be-
tween two evacuated measurement cavity beat fre-
quency assessments performed in rapid succession
— one performed directly prior to the gas filling of
the measurement cavity and another directly after
it has been evacuated. By this, the evacuated mea-
surement cavity beat frequency can be estimated at
all times during a modulation cycle, including those
when the measurement cavity contains gas without
any need to specifically assess any amount of distur-
bance (drifts of fluctuations).

However, it should be noticed that although
this interpolation procedure is straightforward when
there are no mode hops in the reference cavity and
when the measurement laser, for every modulation
cycle, originates from, and return to, the same mode,
above assumed to be the m, mode, this is not the
case in general. Because of such mode jumps, the
beat signal f is, in such cases, a non-continuous
(i.e. a wrapped) function. In order to accommo-
date for also such situations, it has been found con-
venient to create an unwrapped (i.e. a mode-jump-
corrected) beat frequency, f;, defined as

A
fow ==%f _( mmm Vom ?nmr vé)r)>

om or

(10)

where Am,, and Am, are the numbers of mode

jumps the measurement and reference lasers have

made from the modes m,, and m,, at which their
. . / /

empty cavity frgquenc1es, Vo, and v, wer(f as-

sessed.’ The + sign refers to the cases when Vo >

/ / / :

vy, and vy < v, respectively [47, 52].

The unwrapped empty measurement cavity beat

frequency, fé?,g,, which represents the beat frequency

9 96_ 1 Ye yand vy, /(1+

TMom ~ Mom

Vo, and vy, are given by vo,, /(1+
Og

e T n);;, ), respectively, where, in turn, v,, and v, are the mea-
sured empty cavity frequencies of the measurement and reference
cavities, respectively. Moreover, Am, accounts for a possible shift
in the mode addressed in the reference cavity when gas is let into
the measurement cavity. For a well-designed, stable system, this

entity is often zero.
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the system would have provided if both lasers would
have been at the modes at which the empty cavity
frequencies were assessed, i.e. at m,,, and m,,., has
thus the property that it is continuous even if any of
the lasers make any mode hop, and is thereby suit-
able for the interpolation process.

This implies that the interpolation, for modula-
tion cycle k, can be estimated, for all times that ful-
fills t) <t < ty4q, as

0
fl )(tk’ t,tis1) —fyw(tk)+

FO () = £ () an
(t—tg).

L1 — Lx

This process is schematically illustrated by the green
straight line in panel c in Fig. 3 shown in section 4.2
below.

This implies, in turn, that at each instant dur-
ing which the filled measurement cavity assessment
is evaluated during modulation cycle k (which pre-
dominantly takes place during the last part of the
filled measurement cavity section of the gas modu-
lation cycle) the shift in beat frequency between the
two laser fields most suitably can be assessed as

Afpw(©) = FEO) = FD (bt ter). (12

This is schematically shown by the curve in panel d
in Fig. 3 below.

As has been shown by Silander et al. [52], based
on these expressions, the refractivity, n—1, can then,
when nitrogen is addressed,'? be straightforwardly
and expediently expressed as a function of the shift

of the unwrapped beat frequency, Afyy. In this
case, Eq. (9) can be written as
1A fuwl
n— 1 — V(l)m (1 3)
[Afowl my, , © ’
1-— OZIW + m_()m + rr_rrfo + E(/)

The refractivity, n — 1, is then finally assessed as
the average of (n — 1)(t), calculated from Eq. (13)
with Afy(t) given by Eq. (12), over a suitable time
interval of the filling measurement cavity section (for
the case with 100 s long gas modulation cycles, typi-
cally for 10 s, between 40 and 50 s after the filling of
the measurement cavity), schematically illustrated

10For the case when any other gas is addressed, Eq. (13) should
be exchanged to a correspondingly one based on Eq. (5).

by the data points within the red circle in panel d
in Fig. 3 below.

As is discussed in some detail below, by this the
influence of several types of disturbances, compris-
ing noise, fluctuations, and drifts, can be efficiently
mitigated [41, 43, 44].

It could finally be concluded that Eq. (13) pro-
vides a convenient means to assess refractivity from
a variety of systems using repeated fillings and emp-
tyings of the measurement cavity, in particular those
that assess pressure on a "real-time" basis, not only
when the GAMOR methodology is utilized.

3.1.4 A note on the uncertainty in

assessments of refractivity

When the major influence of fluctuations and drifts
have been mitigated the uncertainty of the refractiv-
ity is given by the remaining uncertainty in both a
number of assessed entities, predominantly Af, v,
Am,, and m,,,, and some system parameters, mainly
Ag, ©g, 1. (oryl), and &’ (or &), together with some
virial coefficients (see below as well as Ref. [50]).

It should be noticed that, for all pressures except
the lowest ones (i.e. from a few kPa and above), the
leading term in the expression for the refractivity in

l f UW' entity [denoted

—O in Eq. (5)].

It should be clear that Am,, (and Am) can be
assessed without any uncertainty (since they are in
general one- or two-digit integers). It should addi-
tionally be noticed that, since mg,, (and m,) rep-
resent mode numbers, they are also integers. As
can be deduced from Eq. (2), the latter ones can
most conveniently be assessed as the closest inte-
ger to the ratio of v and the free-spectral-range

(FSR), i.e. as Int(%), where the FSR is defined

as v(mg + 1) — v(m,) and given by 5. This implies
0

that, as long as v, and FSR have sufficiently small

relative uncertainties (typically both < ﬁ), also
my,, can be assessed without any uncertainty. This
implies that the leading term in the numerator in the
expression for the refractivity, i.
\Af UW|

entity (or the
any uncertainty. ThlS 1rnp11es that, for the case when
Af ~ 0, the main uncertainty in the assessment of
refractivity lies in the uncertainty of .

A procedure for how to assess &, with an accu-

) in practice does not provide
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racy contributing in the low parts-per-million (ppm,
107°) range has recently been developed by Zakris-
son et al. [50]. This procedure is further described
in section 7.3.3 below. A description of how the con-
cept of pressure-induced deformation has been ad-
dressed in the "QuantumPascal" project is given in a
separate guide [60].

3.2 Molar Density

For pressures up to atmospheric ones, of most gases,
including nitrogen, the molar density can be calcu-
lated by assessing the refractivity and using the ex-
tended Lorentz-Lorenz equation as

2
p= @(n— D+b,(n=1)], (14

where b, ; is given by —(1 + 4Bz/A2)/6, where,
in turn, By, is the second refractivity virial coefficient
in the Lorentz-Lorenz equation [10, 35, 42].

3.3 Pressure
The molar density can then be used to assess, by use
of an equation of state, the pressure, e.g. as

P =RTp[1+B,(T)p], (15)

where B,,(T) is the second density virial coefficient.

For more detailed descriptions of the Lorentz—
Lorenz equation and the equation of state, and,
for expressions valid for higher pressures (when
higher order virial coefficients need to be included),
the reader is referred to the literature, e.g. [9-
12,17, 35, 42, 61].

3.4 Molecular Data

The most frequently addressed gas has so far been
nitrogen. Table 1 provides information about the rel-
evant gas constants for nitrogen, Ag, b,_;, and B,
at 302.91 K and 1550.14 nm, which represent the
conditions under which the most accurate assess-
ments with the Invar-based DFPC refractometry sys-
tem utilizing the GAMOR methodology described be-
low have been performed (see below) [50].

Table 1. Gas coefficients for N, at 302.91 K and
1550.14 nm.

Coef. Value (k = 2) Reference
Ag 4.396549(34) x 107° m®*/mol  [50, 61]
b, —0.195(7) [30, 50]
B, —4.00(24) x 107° m*®/mol [50, 61]

4 Theoretical analysis and
explication of the ability of the
GAMOR methodology to
automatically mitigate the

influence of disturbances

As was alluded to above, independent of whether
the GAMOR methodology is used or not, all assess-
ments of refractivity (and thereby pressure) by re-
fractometry must rely on (at least) two assessments,
one with and one without gas in the measurement
cavity. It has been found that the two cornerstones
of the GAMOR methodology, viz. a short time sep-
aration between these two assessments and, to as-
sess the empty measurement cavity beat frequency
at the time when the filled measurement cavity as-
sessment is performed, the use of interpolation be-
tween two evacuated measurement cavity beat fre-
quency assessments, one performed before and one
after the filled cavity assessments, play an important
role in the extent to which the assessment of refrac-
tivity is influenced by various types of disturbances
the system is exposed to.

To properly assess the ability of the GAMOR
methodology to reduce the influence of various types
of disturbances on the assessment of refractivity, two
scientific works dedicated to the concept have been
published; one, regarding the ability of gas mod-
ulation to mitigate the influence of fluctuations in
refractometry, was performed just prior to the ini-
tiation of the EMPIR QuantumPascal project [43],
while the other, addressing the ability of the GAMOR
methodology to mitigate the influence of drifts [44],
was made as a part of the project.!!

1The reason for treating fluctuations separately from drifts was
that the two types of disturbances, which appear at dissimilar
time scales, affect refractometry assessments dissimilarly and they
therefore need to be described in different manners (mathemati-
cally modelled as Fourier and Taylor series, respectively).
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4.1 Ability of the GAMOR methodology to

mitigate the influence of fluctuations

The first cornerstone of GAMOR advocates the use of
a frequent referencing of filled measurement cavity
beat frequencies to evacuated cavity beat frequen-
cies, which is synonymous to using short gas modu-
lation cycles. To provide an intuitive understanding
of how the length of the gas modulation cycle!? can
influence how much of a given fluctuation the detec-
tion process will pick up (or be affected by), a the-
oretical description was developed for the influence
of fluctuations, modeled as a set of Fourier compo-
nents, on refractometry in the absence and presence
of gas modulation [43].

Figure (1) displays, by the panels (a) and (c), a
schematic illustration of the gas filling-and-emptying
process for DFPC refractometry when assessing a
pressure of 2 kPa in the absence and presence of
gas modulation, respectively. The panels (b) and
(d) show the developments of the associated beat
frequencies in the presence of an individual Fourier
component of a fluctuation, f;,. For illustrative pur-
poses, it was assumed that the period of the Fourier
component is similar to the gas modulation period
in the unmodulated case. Since the latter most of-
ten is significantly longer than the modulation pe-
riod when gas modulation is utilized, the period of
the fluctuation will be significantly longer than the
modulation period of the modulated assessments.!

The instants for the two beat frequency measure-
ments in the panels (a) and (b) are marked by verti-
cal dashed lines (the left and right lines represent the
time instants for the empty and the filled measure-
ment cavity assessments, respectively). Although
there is one pair of beat frequency assessments for
each modulation cycle when gas modulation is uti-
lized, again for illustrative purposes, vertical lines

2When unmodulated refractometry is performed, it is natural
to see the time separation between the empty and filled mea-
surement cavity assessments as "the gas exchange time", while,
when gas modulation is utilized, the same entity alternatively is
referred to as the "length of the gas modulation cycle", or simply
the "gas modulation period". To be able to compare various modes
of operation of refractometry (primarily unmodulated and mod-
ulated refractometry), we will henceforth denote all these either
the "length of the gas modulation cycle" or the "gas modulation
period" and denoted them t,,,4-

I3Note though that although Fig. (1) depicts the modulated
case with a gas modulation period that is solely one order of mag-
nitude shorter than what it is in the unmodulated case, in real-
ity the relative difference between the two cases is significantly
larger: often they differ by three orders of magnitude or more.

timod
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Figure 1. Schematic illustration of the gas filling-
and-emptying process and the measured beat fre-
quencies when a pressure of 2 kPa is assessed
in the presence of a single Fourier component
of fluctuations for unmodulated [the panels (a)
and (b)] and modulated [the panels (c) and (d)]
refractometry. The panels (a) and (c) represent
the pressures of the two cavities [the upper (red)
curves, those of the measurement cavity; the
lower (blue) curves, those of the reference cav-
ity]. The panels (b) and (d) indicate the cor-
responding beat frequencies [the upper (black)
curves, the actual beat frequency when the mea-
surement cavity is filled with gas, i.e. f&)(¢t), in
the figure denoted f(,)(t); the lower (green)
curves, the empty measurement cavity beat fre-
quency, f©(t), denoted f0.0)(t)]. Note that, for
display reasons, the gas modulation period for
the modulated case is only one-tenth of that of
the unmodulated case, although, in reality, it is
significantly shorter (typically 3 orders of magni-
tude shorter). Reproduced with permission from
Ref. [43].

have been associated to only one cycle in the pan-
els (¢) and (d). Each assessment of beat frequency,
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marked, for the illustrated cycle, by a circle and a
cross for when the measurement cavity is filled with
gas and emptied, respectively, comprises an averag-
ing over several data points for a time that is signifi-
cantly shorter than the length of the gas modulation
cycle in the modulated case, typically 10 s.

The model developed and presented in Ref. [43]
was then used to estimate the fractions of specific
Fourier components of a given fluctuation the sys-
tem picks up as a function of its (Fourier) frequency
for two different lengths of the gas modulation cycle
(tmod)s 10° s (corresponding to 28 hours) and 102
s, representing typical unmodulated and modulated
conditions, respectively. As is shown in that work, it
was found that a given refractometry system indeed
picks up dissimilar amounts of fluctuations depend-
ing on the modulation condition.

Figure (2) displays, by the coloured curves in the
panels (a) and (b), the fraction of specific compo-
nents of fluctuations the system picks up as a func-
tion of their Fourier frequency for the case of unmod-
ulated detection (with a gas filling period of 10° s)
and with gas-modulated detection (with a modula-
tion period of 102 s), respectively. To guide the eye,
the black straight lines represent the envelopes of the
structured responses.

As can be seen from the leftmost parts of the two
panels, the system will pick up only minor fractions
(below unity in the figure) of the fluctuations whose
Fourier frequencies are lower (smaller) than the in-
verse of the length of the gas filling/modulation cy-
cle [i.e. < 1/(2mt,,4)]; as indicated by the slanted
lines in the graphs, for such modulation cycles, it will
only pick up a fraction 27 f}, t,,,4 of the fluctuation.
Since t,,,4 is much shorter when the system is mod-
ulated than when it is not, this implies that when a
refractometry system is run under modulated con-
ditions, it will pick up significantly less of any such
fluctuations than when it is run unmodulated.'# This

MFor the specific case considered in Fig. (2), when being un-
modulated (the uppermost panel), it will primarily be affected
by (and thus pick-up) fluctuations with Fourier frequencies above
(1/2m)107° Hz (corresponding to fluctuations whose periods are
shorter than 2710° s) while, when being modulated (the low-
ermost panel), it will primarily solely be affected by fluctuations
whose frequencies are above (1/27)1072 Hz (corresponding to
fluctuations with periods shorter than 271102 s). The influence of
fluctuations with Fourier frequencies below (1/27)1072 Hz (cor-
responding to fluctuations whose periods are longer than 27102
s) will thus be mitigated significantly more when the system is
run with modulation than when it is not. For Fourier frequencies
below (1/27)107° Hz, this is given by the ratio of the lengths of

1/t 1/t

1 mod avg
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Figure 2. The fraction of specific components of
fluctuations the system picks up as a function of
its Fourier frequency, f},, for two different lengths
of the gas modulation cycle (t,,,4), representing,
in panel (a), unmodulated detection with a gas
modulation period of 10° s, and, in panel (b),
with gas-modulated detection, utilizing a modu-
lation period of 102 s. In both cases, an averaging
time (t,,,) of 10 s has been assumed. The colored
curves represent the response averaged over all
possible phases between the fluctuations and the
detection. The black lines are the envelopes of
the responses. Reproduced with permission from
Ref. [43].

shows that, irrespective of other properties of the
system, a refractometry system will always pick up
less amount of fluctuations when it is run modulated
than when it is run unmodulated.!®

Hence, in agreement with what has been con-
cluded about other types of modulation techniques
in metrology, e.g. frequency and wavelength mod-

the gas modulation cycles in the two cases, in this particular case
by three orders of magnitude.

15The figure also shows that the modulation procedure reduces
the influence of fluctuations with other frequency components
than what the conventionally used averaging processes mitigate
(which decrease the influence of fast fluctuations, i.e. the com-
ponents whose Fourier frequencies are higher than the inverse of
the integration time, i.e. the frequencies that are > 1/(27tg,,)
[corresponding to fluctuation components whose period is <
(27tayg)]; as is shown by the rightmost parts of the panels, in
this case, the components whose period is < 2710 s.
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ulation spectrometry [62-65], the model indicates
that rapid gas modulation has the ability to reduce
the influence of a significant fraction of the low-
frequency fluctuations [primarily those whose fre-
quency is below < 1/(27t,,,4)] that often are the
dominating ones in measurement systems (due to
their anticipated 1/f dependence).!®

4.2 Ability of the GAMOR methodology to

mitigate the influence of drifts

The two cornerstones upon which the GAMOR
methodology relies (modulation and interpolation)
also contribute to a mitigation of the influence of
drifts. However, it has been found that they do not
do so to the same extent for all types of drifts. Refer-
ence [44] therefore provides a comparison (both an
estimate based on a theoretical analysis and an ex-
perimental assessment) of the extent to which sev-
eral types of refractometry methodology'” are af-
fected by various types of drifts.!®

4.2.1 Qualitative description
To depict the ability of the GAMOR methodology
to mitigate the influence of campaign-persistent

161t is worth to note that the analysis above, as well as Ref. [43],
refer to the influence of solely one of the two cornerstones of the
GAMOR methodology on the assessment of refractivity, viz. (i).
However, cornerstone (ii) will additionally mitigate the influence
of fluctuations when the GAMOR methodology is utilized. The in-
fluence of cornerstone (ii) on the ability to mitigate the influence
of disturbances is analyzed in some detail below though when the
ability to mitigate the influence of drifts is scrutinized.

17The methodologies considered are: Unmodulated noninter-
polated (UMNI) refractometry [both single-FPC (SFPC) refrac-
tometry and DFPC refractometry]; unmodulated interpolated
(UMI) refractometry; modulated noninterpolated (MNI) refrac-
tometry; and GAMOR, representing modulated interpolated re-
fractometry.

181t was found suitable to distinguish between the drifts that
affect the cavity mode frequencies persistently and continuously
during the entire measurement campaign, irrespective of the state
of the gas modulation cycle, referred to as campaign-persistent
drifts (type I), from those that are reset once per gas modulation
cycle by the gas modulation process (so the drift process starts
over for each modulation cycle), referred to as cycle-limited drifts
(type II). The type II drifts, in turn, are separated into two subcat-
egories, viz., those that affect the refractivity of the gas in the ref-
erence and measurement cavities, (a) and (b) respectively. Drifts
of the physical lengths of the cavities are thus of type 1. Leakages
and outgassing into the reference cavity represent drifts of type [
if the reference cavity is sealed off during the entire measurement
campaign while they constitute drifts of type Ila if the reference
cavity is evacuated once per gas modulation cycle. Leakages or
outgassing into the measurement cavity are of type IIb.

(i.e. type I) drifts, and to illustrate the roles the two
cornerstones have in this process, the response of a
system exposed to this type of drift probed by the
GAMOR methodology (for simplicity, in the absence
of mode jumps) is schematically depicted in Fig. (3).

Panel (a) illustrates the pressure in the measure-
ment cavity (upper red curve), which is alternately
evacuated and filled with gas while the reference
cavity (lower blue curve) is held at a constant pres-
sure (in this case for simplicity chosen to be at vac-
uum). For the case with a drift of type I, the fre-
quencies of both the measurement and the reference
lasers, shown in panel (b), will be affected (although
possibly to dissimilar extent). This implies that the
beat frequency, assessed as the difference between
the two curves in panel (b), displayed by the upper-
most (black) curve in panel (c),'° likewise will be
affected by the drifts.

The lower green line in the same panel, which
has been constructed according to Eq. (11) as a
linear interpolation between two evacuated mea-
surement cavity assessments, indicated by x mark-
ers, represents the estimated inter-cycle interpolated
evacuated measurement cavity beat frequency.?°

Panel (d), finally, displays, by the sole black
curve, the drift-corrected shift in beat frequency,
Af(t), given by the difference between the two
curves displayed in panel (c), i.e. the difference
between the beat frequency measured when the
measurement cavity contains gas and the interpo-
lated evacuated measurement cavity beat frequency,
F@(t) — fé%),(t). The value of the drift-corrected
shift in beat frequency at the position of the red cir-
cle, Af(t,), represents the data used for the assess-
ments of refractivity by use of Eq. (13) above.

This schematic illustration thus indicates graph-
ically, and thereby qualitatively, that the influence
of drifts can efficiently be mitigated by the interpo-

19The derivation and analysis made in Ref. [44] were made un-
der the condition that the drift does not induce any mode hop.
The scrutiny was therefore based on the measured beat frequency
f instead of the unwrapped beat frequency fyy, (which include
such) on which the theoretical description given in this work re-
lies. To adhere to the plots and graphs presented in that work,
and since it will not affect the conclusions, we have, in this sec-
tion, retained the notation f for the beat frequency.

20The red and the green circles in panel (c) represent the val-
ues of the beat frequency at the time when the filled measurement
cavity assessment is performed, f (¢ )(tg), and the evacuated mea-
surement cavity beat frequency, estimated by interpolation, at the
same time, f(o)(tg ), in the figure denoted f(t,) and f(o,o)(tg), re-
spectively.
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Figure 3. The principles of GAMOR on a sys-
tem exposed to drifts of type I displayed over
two modulation cycles. Panel (a) displays, by the
upper red and the lower blue curves, the pres-
sures in the measurement and reference cavi-
ties, respectively, as functions of time. Panel (b)
shows the corresponding frequencies of the two
lasers (for display purposes, in the absence of
mode jumps and offset to a common frequency).
Panel (c) illustrates, by the upper black curve,
the corresponding beat frequency. The x mark-
ers represent empty cavity beat frequency assess-
ments while the green line, denoted f(o,o)(t), cor-
responds to the inter-cycle evacuated measure-
ment cavity beat frequency, in Eq. (11) denoted
}?X,(t), constructed as a linear interpolation be-
tween the two evacuated measurement cavity as-
sessments. Panel (d) displays the drift-corrected
shift in beat frequency, denoted Af, correspond-
ing to Afy, (t) in Eq. (13), given by the difference
between the beat frequency measured with gas
in the measurement cavity, fl%a(t), and the "base-
line", given by the interpolated evacuated mea-
surement cavity beat frequency, NLS%),(t). Repro-
duced with permission from Ref. [44].

4.2.2 Quantitative analysis

To quantitatively assess the ability of GAMOR to
reduce the influence of campaign-persistent drifts,
such a drift of the evacuated measurement cavity
beat frequency, modelled with both linear and non-
linear contributions according to the Egs. (B.1)-(B.3)
in Appendix B (and further defined there), is illus-
trated by the uppermost curve in the center of the
graph in Fig. (4).

thuli)
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Figure 4. Blue solid curve (the uppermost in the
center of the graph): the evacuated measurement
cavity beat frequency, f(©(t) [in the figure de-
noted f,(t)], for modulated refractometry in
the presence of drifts. The beat frequency at time
at which the gas measurement is performed is
marked by a red circle. The beat frequencies mea-
sured at the times of an empty measurement cav-
ity are marked by crosses (x). Reproduced with
permission from Ref. [44]

Since, in the unmodulated case, the shift of the
beat frequency used for assessment of refractivity by
the Egs. (10) - (13) is given by the difference be-
tween the beat frequency measured when there is
gas in the measurement cavity at the time instant ¢,
and that when it is evacuated at t,, the error in the
assessment of the beat frequency is given by the shift
in the evacuated measurement cavity beat frequency
between these two time instants, f©(t,)— f©(t,),
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referred to as 6[Af(t,,t,)]. This entity is repre-
sented by the long (leftmost) green vertical line in
Fig. (4).

For the interpolated methods, such as GAMOR,
the evacuated measurement cavity beat frequency is
given by an estimated inter-cycle interpolated evac-
uated measurement cavity beat frequency, f©(¢),
calculated based on two evacuated cavity measure-
ment beat frequencies [in Fig. (4) denoted f©(t;)
and f©(t,,), and represented by the crosses]. This
interpolation, which is based on Eq. (11) and corre-
sponds to the straight green line in Fig. (3c) above,
is given by the straight slanted line in Fig. (4). The
figure shows that the error made when an interpo-
lated methodology (e.g. GAMOR) is used, which is
given by the difference between the real and the in-
terpolated evacuated cavity measurement beat fre-
quencies, denoted 6[Af(ty,t,,t,41)], is given by
FO(t) - f ©)(¢,), represented by the short (right-
most) red vertical line.

As can be deduced from Fig. (4) together with
the Egs (B.1) - (B.3) in Appendix B, and as is further
discussed in Ref. [44], this implies that while non-
interpolated refractometry is mainly affected by the
linear parts of the drift, given by

of©
o[Af(ty, t)]= (7) tmods (16)

g

the corresponding entity in the case with interpola-
tion is predominantly affected solely by the first non-
linear contribution to the drift, i.e.

10N,
5[Af(tn: tg) tn+1)] :_E(W)t tmod’ (17)
&

where the (3f©/8t), and (8%f©/3%t), repre-
sent the amount of linear and first order non-linear
drift of empty cavity mode frequency, respectively.

This clearly illustrates the important fact that
while non-interpolated methodologies are affected
by the linear part of the drifts, i.e. by the
(0 vl@/ 5} t)fg entity, when interpolation is used, it is
solely influenced by non-linear parts of the drift, pre-
dominately by the (02 vfo) /32t), entity. Thisimplies
that when interpolation is used, the assessment is
not influenced by the dominating linear parts of the
drift. Neither is it necessary to separately assess the
linear parts of the drifts (as must be done when drifts

are explicitly corrected for when non-interpolated
methodologies are used); its influence is automati-
cally mitigated by the interpolation procedure.

The Egs. (16) and (17) also show that, in both
cases, the amount of drift the measurements are in-
fluenced by depends on the length of the modula-
tion period — the shorter the modulation period, the
lesser the technique will be affected by drifts, and
more so for an interpolated methodology than for a
non-interpolated one.

All this illustrates the ability of the GAMOR
methodology, which encompasses both short gas
modulation periods and an interpolation process, to
reduce the influence of drift (in this case of type I),
and to do this in an automated manner.

The interested reader is referred to Ref. [44] for
a further description of its ability to reduce the influ-
ence of other types of drift.

5 Experimental Setup

5.1 GAMOR instrumentation - General
realization

A GAMOR instrumentation comprises basically two

main parts, a refractometry system and a gas han-

dling system.

The refractometry systems so far realized for
GAMOR have all been utilizing a DFPC [41-58]. In
addition to the cavity system, they contain a number
of optical, acousto-optic, and electro-optic devices
used to control, modulate, and assess the frequency
of the light.

The gas handling system connects the cavities
with a gas supply, the device whose pressure is as-
sessed, and a gas evacuation system. It contains a
number of valves and tubing that control the fill-
ing and evacuation of the cavities in a predeter-
mined manner in such a way the system is fully
autonomous; it can work unattended 24/7 for any
length of time.

Over the years, several "generations" of instru-
mentation have been developed. Since Invar is a
material that has a number of advantageous proper-
ties for refractometry (see section 7.2.3 below), and
since the GAMOR methodology can automatically
mitigate the drawbacks of its unfavourable proper-
ties, after some initial proof-of-concept demonstra-
tions using a cavity spacer of Zerodur [36, 41, 42],
the most recent refractometry system has been con-
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structed around an Invar-based DFPC system. This
system, which has shown best performance and
therefore has been used the most lately, is shortly
described below and henceforth referred to as the
"Invar-based DFPC system". A more detailed descrip-
tion is given elsewhere [45-47, 52].

5.2 The Invar-based DFPC system

5.2.1 The refractometry system

The Invar-based DFPC system, shown in Fig. 5, com-
prises an Invar-based DFPC that is precision ma-
chined from a @60 mm Invar rod [45]. The outer
dimensions of the spacer are 160x60x50 mm. Each
cavity consists of two &12.7 mm highly reflective
(99.997%) plano-concave mirrors. Each mirror is
placed in 6 mm deep clearance hole in the 160 mm
long spacer and clamped by a back plate onto the
@6 mm bores. This yields a mirror separation of 148
mm. This reflectivity and mirror separation result in
a finesse of 10* and, for the wavelength used, an FSR
of 1 GHz.

[e]
O
[
lo|

0,00

Figure 5. Panel (a): The Invar cavity assembly
before being equipped with temperature probes
and mounted inside the aluminium oven. The
plates screwed into the spacer at its short ends
press the mirrors, via O-rings, onto the spacer.
Panel (b): A schematic drawing of the cavity as-
sembly. Units in mm. Reproduced with permis-
sion from Ref. [48].

The refractometer system comprises a number
of devices that make possible an efficient and expe-
ditious probing of longitudinal cavity modes of the
DFPC. A schematic of the system is shown in Fig 6.

Each cavity is probed by the light from an Er-
doped fiber laser at a wavelength of 1.55 pm. Since
this wavelength is in the data communication NIR
region, there are plenty of fiber-connected devices

DFPC

e
33

=

] _FPGA [

Figure 6. Schematic illustration of the refrac-
tometer setup. EDFL: Er-doped fiber laser; AOM:
acousto-optic modulator; 90/10: 90/10 fiber
splitter; EOM: electro-optic modulator; Circ: op-
tical circulator; Iso: optical isolator; Ref: fast
photodetector for the reflected light; Col: colli-
mator; DFPC: dual-Fabry-Perot cavity; Tra: large
area photodetector for the transmitted light;
FPGA: field programmable gate array, VCO: volt-
age controlled oscillator; 50/50: 50/50 fiber cou-
pler; B. Det: fast fiber-coupled photodetector for
the beat signal; and Freq. C: frequency counter.
Reproduced with permission from Ref. [48].

available. This does not only facilitate the realiza-
tion of the system, it is also the basis for the sturdi-
ness and reliability of the system.

The light is coupled into a fiber-coupled acousto-
optic modulator (AOM) that uses the acousto-optic
effect to shift (by diffraction) the frequency of light
using a sound wave. Its first order output, which
contains the frequency up-shifted component of the
laser light, is coupled to a 90/10 fiber splitter.

The 90% output from the splitter is coupled into
an electro-optic modulator (EOM) that, by phase
modulation, produces sidebands (at 12.5 MHz) on
the monochromatic laser beam for the locking of the
laser light to a cavity mode by the Pound-Drever-Hall
(PDH) locking technique [66].

The output of the EOM is coupled to an opti-
cal circulator (Circ) whose first order output is fed
to a custom built collimator (Col). The output of
the collimator, which is mode matched to a TEM,
mode of the cavity, is sent to the cavity. The reflected
light, which carries information for the PDH lock-
ing, is coupled back into the collimator and routed
via the second output of the circulator and an opti-
cal isolator (Iso) to a fast photodetector (Ref). The
light transmitted through the cavity is monitored by
a large area photodetector (Tra).

Each reflection detector is connected to a field
programmable gate array (FPGA) that demodulates
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the signal at the modulation frequency (12.5 MHz)
to produce the PDH-error signal. Its slow compo-
nents (<100 Hz) are sent to the EDFL-piezo, which
provides the "slow" tuning of the frequency of the
light, while the fast components (>100 Hz) are sent
to a voltage controlled oscillator (VCO) that pro-
duces an RF-signal that drives the AOM around 110
MH?z to correct for the rapid fluctuations.

To sample the beat frequency between the two
cavities, the 10% outputs from the splitter in each
arm are combined in a 50/50 fiber coupler (50/50).
The combined light is routed to a fast fiber-coupled
photodetector (B. Det) whose RF-signal is measured
by a frequency counter (Freq. C). To account for
mode jumps done by the automatic relocking rou-
tine, as is further discussed below, the voltages sent
to the EDFL by the FPGA is monitored by an ana-
logue input module (not in figure).

The refractometry system is described in more
detail in [45].

5.2.2 The gas handling system

A schematic view of the gas handling system is given
by Fig. 7. It consists of a combined inlet and gas reg-
ulating system, a combined valve control and cavity
system, and a gas evacuation system.

The inlet system comprises a mass flow controller
(MFC) connected to a gas supply, an electronic pres-
sure controller (EPC), and a diaphragm filling valve
(V¢) used together with the device that regulates the
pressure (whose pressure is assessed), here, a dead
weight piston gauge (DWPG). To reduce the risk for
contamination of the gas in the volume prior to the
filling valve, the output of the EPC is continuously
evacuated by an oil-free rough pump resulting in a
constant gas flow of gas from the MFC to the EPC.

The valve control system, which comprises four
diaphragm valves connecting the two cavities to the
gas filling and evacuation systems via separate paths
(W1, V,, V5, and V), is placed on top of the cavity sys-
tem, where V; connects the gas system of the refrac-
tometer to the measurement cavity. All diaphragm
valves are controlled by solenoid pilot valves (not in
the figure) via a digital output module (not in the fig-
ure). The evacuation system comprises a molecular
turbo pump backed by an oil-free rough pump.

To estimate the pressure under scrutiny, which
is needed for assessment of mode jumps, a pressure
gauge (High) is positioned between the filling valve

Inlet Valve Control and Cavity

® Pressure Gauge
[X| Diaphragm Valve
Cavity Spacer
\%‘ Mass Flow Controller
|£| Pressure Controller
L Q{: Pressure Regulator
K Rough Pump
Molecular Turbo Pump|
1 Low Pressure
3 High Pressure

Figure 7. The gas handling system, compris-
ing an inlet system, which, by sustaining a con-
stant gas flow between the MFC and EPC reduces
the risk for contamination of the gas in the vol-
ume prior to the filling valve (Vf), a combined
valve control and cavity system, which connects
the two cavities to the gas filling and evacua-
tion systems (via valves V;, V,, V;, and V,), and
a gas evacuation system, which evacuates the se-
lected parts of the valve control and cavity sys-
tem. MFC: mass flow controller; EPC: electronic
pressure controller; T: turbo pump; R: oil-free
rough pump; High: a high pressure gauge; Low:
a low pressure gauge; and DWPG: dead weight
piston gauge.

and the cavity system valve control. To monitor the
residual pressure, a low pressure gauge (Low) is po-
sitioned between the combined valve control and
cavity system and the gas evacuation system.

The gas handling system is described in more de-
tail in [47].

6 A cycle-resolved illustration of
the operation and performance
of the GAMOR methodology

As was stated above, the gas modulation process in
GAMOR comprises a series of periodic modulation
cycles of the pressure of gas in the measurement cav-
ity while the pressure in the reference cavity is held
constant (often constantly evacuated through valve
4).

To illustrate the data acquisition process, the role
of the mode jumps, and the unwrapped beat fre-
quency in the assessment of pressure, Fig. 8 shows
some typical cycle resolved raw data from a 200 s
long gas modulation cycle, distributed over a fill-
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ing and an evacuation part of the cycle, each last-
ing 100 s (denoted t; and t;;, defined in Fig. 9),
for a pressure of 30.7 kPa [47]. The three panels
in Fig. 8 display, for an individual modulation cycle,
the measured beat frequency, f(t), the cavity mode
numbers, Am;(t), for the two cavities, and the cor-
responding unwrapped beat frequency, Afy,(t), as
a function of time, respectively.
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Figure 8. The time evolution of: panel (a); the
measured beat frequency, f(t); panel (b); the
mode numbers addressed, Am;(t) with i being
either m or r representing the mode numbers
addressed (with respect to my;) in the measure-
ment and reference cavities, respectively; and
panel (c); the corresponding unwrapped beat fre-
quency, Afyy(t), over a 200 s long modulation
cycle assessing a pressure of 30.7 kPa. For a de-
scription of the various time intervals of the mod-
ulation cycle, see the figure caption of Fig. 9. Re-
produced with permission from Ref. [47].

The modulation cycle is initiated (at time 0) by a
closing of valve V, and, shortly thereafter, an open-
ing of valve V;, which, by volumetric expansion, re-
sults in an almost momentary increase of the pres-
sure in the measurement cavity to around 85% of

P [kPa]
o 3

0} t; €— t, —>»
5| |- tr > trr >

oH i

0 50 100 150 200
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Figure 9. The time evolution of the assessed pres-
sure during the 200 s long gas modulation cycle
displayed in Fig. 8, P(t). t; represents the filling
part and t;; the evacuation part of the gas modu-
lation cycle, each being 100 s. ¢, is the time dur-
ing which the MFC is re-filling the system while
t, is the time during which the DWPG is stabiliz-
ing the pressure (i.e. when the piston is floating).
Reproduced with permission from Ref. [47].

the set pressure. The MFC is then, for a time of 20 s
(referred to as t 7 in Fig. 9), until a so called set pres-
sure is reached, filling up the system (by a constant
increase of the pressure). As is shown by the panels
(a) and (b) in Fig. 8, during this time, the frequency
of the measurement laser changes rapidly; the beat
frequency decreases as the pressure increases until
the laser makes a mode jump, at which the beat fre-
quency makes a sudden jump to a higher value. This
process is repeated until the beat frequency is within
the dynamic range of the frequency counter, which
in this particular case is twice.

After the set pressure is reached (i.e. after ca. 20
s), the piston in the DWPG floats, which, for the re-
maining 80 s of the 100 s long filling part of the gas
modulation cycle (denoted t, in Fig. 9), results in a
stabilization of the pressure at a constant pressure.
As has been shown elsewhere, this provides suffi-
cient time for the DWPG to produce a stabilized pres-
sure and the DFPC to reach a thermal steady-state
[48]. Data representing the filled measurement cav-
ity assessment, fl(]f,a(t), is then taken during the last
10 s of the filling part of the gas modulation cycle
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(i.e. between t = 90 and 100 s in the Figs. 8 and 9).

The measurement cavity is thereafter evacuated
for 100 s. This takes place by closing valve V; and
opening valve V,, which results in a fast decrease in
pressure, manifested by a sudden change in both the
unwrapped beat frequency and the mode number
addressed (a decrease in the latter). The empty mea-
surement cavity beat frequency, f[g?,?,(t), is assessed
during the last 10 s of this part of the modulation
cycle.

When a full cycle is completed, the next one fol-
lows automatically.

The assessed signals in the panels (b) and (c) in
Fig. 8, i.e. the Afyy,, and the Am;, are then con-
verted into pressure by use of the Egs. (12) - (15).
Figure 9 shows the cycle resolved pressure, P(t), cal-
culated by these means. Note that although mode
jumps appear as steps in the beat frequency f(t)
during the first part of the filling stage [panel (a)
in Fig. 8], when the changes in cavity mode numbers
displayed in panel (b) [i.e. the Am,,(t) and Am,(t)]
are taken into account, the shift in the unwrapped
beat frequency, Afyy (t), illustrated in panel (c), as
well as the assessed pressure, shown in Fig. 9, are
almost fully continuous functions with solely a few
minor "kinks" during the initial part of the gas filling
stage. Since the evaluation procedure is not using
data points during this part of the filling stage, they
do not affect the final assessments.

A more detailed scrutiny of the transient behav-
ior of the assessed beat frequency, i.e. Afyy (1), is
displayed in Rubin et al. [48]. It is there shown that
Afyw(t) takes its steady-state value within a frac-
tion of the gas filling part of the modulation cycle,
typically within 10 s after the end of the t;-period of
the gas filling part of the gas modulation cycle.

7 Achievements of GAMOR

An important prerequisite for a measurement sys-
tem exhibiting a small amount of uncertainty is to
provide a high degree of precision. As is described
above, the main feature of the GAMOR method is to
reduce the influence of disturbances, primarily fluc-
tuations and drifts. It is an indisputable fact that
this leads to a high degree of precision. To assess
to which extent the GAMOR methodology is capable
of doing this, this was therefore one of the first ob-
jectives during the early development of the GAMOR

methodology.

Following some first demonstrations of the abil-
ity of the methodology to improve on precision in
both non-temperature stabilized [41] and tempera-
ture stabilized [42] systems, a pair of experimental
verification of the predicted abilities of the GAMOR
methodology to mitigate the influence of fluctua-
tions [43] and drifts [44] were performed.?! Work
was then performed regarding assessment of the pre-
cision of the Invar-based DFPC system utilizing the
GAMOR methodology [45, 46]. Two Invar-based
DFPC GAMOR-utilizing systems were then assessed
for their mutual short-term ability to assess pressure
[47].

Following this development, a series of works
were then performed, all as a part of the "Quan-
tumPascal” project, to make possible assessments of
various physical entities with low uncertainty, ad-
dressing concepts such as the influence of thermo-
dynamic effect associated with the filling and emp-
tying of the measurement cavity in the Invar-based
DFPC GAMOR system, i.e., pV-work [48, 49], means
to measure the gas temperature [46, 48], and devel-
opment of disturbance-resistant methodologies for
assessment of cavity deformation [50] and accurate
in-situ assessment of the penetration depth of mir-
rors comprising a quarter-wave stack (QWS) reflec-
tion coating of type H [51]. In addition to this, an
assessment of the extended uncertainty of the Invar-
based system was performed [52].

Based on these developments it was then pos-
sible, largely within the "QuantumPascal” project,
to develop transportable refractometer systems that
can be used to compare pressure assessing systems
at various NMlIs [47, 52-54].

The results of the development of the GAMOR
methodology during the last years have recently
been summarized by various review papers, one
published in Acta IMEKO regarding recent ad-
vances in Fabry-Perot-based refractometry utilizing
gas modulation for assessment of pressure [55], an
invited review published in Spechrochimica Acta B fo-
cused on the ability of the methodology to assess mo-
lar density [56], another, likewise invited, address-
ing the assessment of pressure, published as a topi-
cal review in an special issue of the journal Journal
of Optics focusing on scientific achievements in the

2Iwhile the works [41-43] were performed before the initia-
tion of the "QuantumPascal” project, a majority of the works were
done as a part of it, viz. [44-58]
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field of optics in Sweden [57], and finally a fourth
describing the progress of the entire Quantumpascal
project in Acta IMEKO [58].

7.1 Experimental verification of the
predicted abilities of the GAMOR
methodology to mitigate the influence

of disturbances

In order to be able to develop refractometry towards
improved performance, it is of importance to ver-
ify the theoretical predictions of the abilities of the
GAMOR methodology to automatically mitigate the
influence of fluctuations and drifts that were pre-
dicted in the sections 4.1 and 4.2 above. Experi-
mental investigations of these abilities have there-
fore been performed.

7.1.1 Verification of the predicted ability

of GAMOR to reduce the influence

of fluctuations

To experimentally verify the predictions of the model
for reduction of the influence of fluctuations from
above, which states that the length of the gas modu-
lation cycle plays a significant role in mitigating the
influence of fluctuations in the system [43], mea-
surements were performed under a given (typical)
set of conditions but evaluated for different cycle
lengths. Figure (10) shows the standard devia-
tion of a 50 h long series of measurements of an
empty measurement cavity evaluated in eight differ-
ent ways, corresponding to gas modulation periods,
tmod> ranging from 100 s to 30,000 (8.3 h), as a func-
tion of the gas modulation period.

The figure shows that the standard deviation de-
creases markedly with decreased modulation period;
in this particular case, more than 50 times (from 50
to 0.9 mPa) as the length of the modulation cycle is
decreased from 30,000 to 100 s. This confirms the
predictions given in section 4.1 about the ability of
GAMOR to reduce the influence of fluctuations.

To further confirm the alleged advantage of short
gas modulation periods, and also illustrate the im-
portance of assessing measured quantities as aver-
ages over a multitude of modulation cycles, Fig. (11)
displays the Allan deviations of the data displayed in
Fig. (10) with the three shortest gas modulation pe-
riods [100 s (the lowermost curve), 300 s, and 500
s (the uppermost)] as functions of averaging time.

o [mPa]
=
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Figure 10. Standard deviation of a 50 h long se-

ries of measurements of an empty measurement

cavity evaluated in eight different ways, corre-

sponding to gas modulation periods, t,,,;, rang-

ing from 100 to 30,000 s, as a function of the

length the gas modulation cycle. Reproduced
with permission from Ref. [43].
10'
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Figure 11. Allan deviations of the data repre-
senting the three shortest gas modulation cycle
times in Fig. 4, viz., 100 s (lowermost, red mark-
ers), 300 s (blue markers), and 500 s (uppermost,
black markers) as a function of averaging time.
Reproduced with permission from Ref. [43]

In agreement with the data shown in Fig. (10),
Fig. (11) shows that the Allan deviation of the short-
est gas modulation period (100 s) is consistently
smaller than those of the other cycle lengths. The
data also display that the deviation depends on the
averaging time. For averaging up to around a few
thousand seconds, it decreases monotonically with
averaging time (with a white-noise dependence);
from 0.9 mPa, which it takes when there is no av-
eraging, thus for a series of individual modulation
cycles (each being 100 s), down to 0.15 mPa, which
it takes for an averaging of 60 cycles (to an averaging
time of 6000 s). This thus shows that the influence
of disturbances can additionally be reduced by aver-
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aging over a number of gas modulation cycles.

The data displayed in Fig. (11) also show that
for longer averaging times, above 5 000 - 10 000
s (i.e. 1.5 - 3 h), the Allan deviation levels off and
starts to increase with averaging time. This indicates
that the system starts to be affected by drifts. The
reason why the data are not affected by drifts until
such considerable times as one or three hours is that
the gas modulation procedure does not only reduce
the influence of fluctuations but also drifts.

These measurements do not only verify the pre-
dictions of the model regarding the ability of gas
modulation to, in an automatic manner, mitigate the
influence of fluctuations given in Ref. [43], but also
the alleged assumption that a rapid gas modulation
process, which is one of the cornerstones on which
the GAMOR methodology relies, is highly beneficial
for refractometry.

7.1.2 Verification of the predicted ability
of GAMOR to reduce the influence
of drifts

To experimentally verify the predictions of the model

for the reduction of drifts from above, e.g. the Eqs

(16) - (17), a set of measurements were made that

was deliberately affected by drifts, viz. by use of a

system not in thermal equilibrium.??

Measurements were taken from the Invar-based
refractometry system described in this guide as well
as elsewhere [45] with the measurement cavity be-
ing constantly evacuated while the temperature of
the cavity spacer was increased from room tempera-
ture (23 °C) to the melting temperature of Ga (29.76
°C). As a result of this, the length of both cavities in-
creased monotonically during this process.??

Figure (12) shows the error the system makes
in the assessment of refractivity (expressed in terms
of the corresponding pressure) as a function of the
length of the gas modulation cycle (for cycle lengths
ranging from 100 to 51 200 s) in the absence and

22This does not imply that the abilities of the various method-
ologies addressed to mitigate the influence of drift only appear (or
are of importance) in systems with significant amounts of drift; on
the contrary, they take place also in well-stabilized systems with
less amounts of drifts.

23Since the changes in length of the two cavities were not iden-
tical (the heating process affected the two cavities in a slightly dis-
similar manner), the beat frequency between the two laser fields
drifted over time.

presence of interpolation (by the uppermost and
lowermost curve, respectively) [44].
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Figure 12. The error in the assessment of pres-
sure as a function of the length of the modula-
tion cycle of the Invar-based refractometry sys-
tem when its temperature was increased from
room temperature (23 °C) to the melting tem-
perature of Ga (29.76 °C), evaluated by non-
interpolated and interpolated (i.e. GAMOR) re-
fractometry (the uppermost and lowermost data
sets, respectively). Reproduced with permission
from Ref. [44]

The data show first of all that the error in the
assessment decreases significantly with decreased
length of the gas modulation cycle, for the unmod-
ulated case, from 3.3 Pa (for a gas modulation cycle
length of 51 200 s) to 7 mPa (for a length of 100 s).
The lower set of data (ranging from 0.2 Pa to 2 mPa)
represents the corresponding cases for the GAMOR
methodology.

These data then also indicate that the uncer-
tainties in the assessments are consistently lower
when interpolation is utilized (in the figure denoted
GAMOR) than when non-interpolated methodolo-
gies (denoted MNI) are used.

These behaviors are in full agreement with the
model presented in section 4.2, and thus verify its
predictions; it also illustrates clearly the advantage
of GAMOR (represented by the leftmost red data
point in the lower set of data, 2 mPa) over conven-
tional unmodulated non-interpolated refractometry
(represented by the rightmost black data point in the
upper set of data, 3.3 Pa) regarding the ability to re-
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duce the pick-up of drifts.

7.2 Demonstration of the ability of the
GAMOR methodology to improve on
precision

It has repeatedly been shown that the GAMOR

methodology has an outstanding ability to reduce

the influence of fluctuations and drifts on the as-
sessments of refractivity to such an extent that the

precision of the assessments can be significantly im-

proved. The extent to which the methodology is ca-

pable of mitigating disturbances has therefore been
scrutinized under a variety of conditions.

7.2.1 Ability of GAMOR to reduce the

influence of drifts from a

non-temperature stabilized system

As a part of a previous EMPIR project (JRP 14IND06
‘Pres2Vac’), it was demonstrated that the GAMOR
methodology, when applied to a DFPC refractometer
utilizing a non-temperature-stabilized cavity spacer
made of Zerodur, could reduce the influence of drifts
more than 3 orders of magnitude (decreasing the
standard deviation of a given set of assessments from
6.4 Pa to 3.5 mPa) [41].

The data in Fig. (13) show, by panel (a), that,
while the temperature drifts 250 mK over a period of
24 h (uppermost curve, blue in color, right axis), the
pressure assessed by ordinary single FP cavity refrac-
tometry drifts 20 Pa (lowermost curve, red in color,
left axis). The pressure assessed by the GAMOR
methodology (middle curve, black in color, left axis)
does not show any fluctuations on the given scale (+
15 Pa). Panel (b) though, which displays the pres-
sure assessed by the GAMOR methodology on an en-
larged scale (+ 5 mPa), shows that the refractome-
ter, when the GAMOR methodology was used, solely
picked up disturbances on the low mPa scale (with a
20 of 3 mPa).

7.2.2 An alternative realization of
GAMOR— Gas-equilibration
GAMOR (GEq-GAMOR)

The GAMOR methodology can, in fact, be carried out

in several ways. In contrast to the conventional one,

described above, in which the measurement cavity
is repeatedly filled and emptied with gas while the
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Figure 13. Panel (a): A 24 h long series of mea-
surement of an empty measurement cavity eval-
uated by two different means: the lowermost
curve (red in color) - without gas modulation, re-
ferred to as a static mode of detection, and the
almost fully horizontal curve (black in color) - by
use of the GAMOR methodology (both left axis).
The uppermost curve (blue in color and right
axis) represents the temperature. Panel (b): a
zoom in of the first hour section of the data taken
with the GAMOR methodology. Reproduced with
permission from Ref. [41]

reference cavity is held at a constant pressure, at
vacuum, denoted single cavity modulated GAMOR
(SCM-GAMOR), it was demonstrated, also as a part
of the previous EMPIR project "Pres2Vac", that it is al-
ternatively possible, instead of evacuating the mea-
surement cavity, to equilibrate the pressure in the
two cavities. The alleged advantage of this method-
ology, which goes under the name Gas-equilibration
GAMOR (GEq-GAMOR), is that the time it takes to
obtain adequate conditions for the reference mea-
surements can be shortened, whereby more time can
be spent on the averaging of data when there is gas
in the measurement cavity [42].

As is shown in Fig. (14), using this methodol-
ogy, addressing a pressure of N, of 4303 Pa in-
side a temperature stabilized Zerodur cavity, a sub-
ppm (1o) precision (i.e. < 4 mPa) could be demon-
strated. More specifically, it was shown that the sys-
tem (the red curve, the third set of data counted from
above) could provide a response for short integra-
tion times (up to 10 min) of 1.5 mPa (cycle)(1/?),
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while for longer integration times (up to 18 h), it
showed an integration time-independent Allan devi-
ation of 1 mPa (corresponding to a precision, defined
as twice the Allan deviation, of 0.5 ppm), exceeding
the performance of the SCM-GAMOR methodology
(the blue curve, the uppermost set of data) by a fac-
tor of 2 and 8, respectively [42].

T [cycles]

Figure 14. Allan deviations, 0 y;4,, Oof data taken
from a temperature regulated DFPC made of Ze-
rodur: Blue markers (uppermost set of data):
ordinary single cavity modulated GAMOR (SCM-
GAMOR) [41], and red markers (third set of data
counted from above): GEqQ-GAMOR, both taken
for a set pressure of 4303 Pa. Green markers (the
second set of data) represent the GEq-GAMOR
data evaluated with a reduced integration time of
the residual gas pressure measurement (see [42]
for details). The violet markers (lowermost set of
data): GEqQ-GAMOR, zero pressure measurement.
Dashed line: an Allan deviation of 1 mPa. Repro-
duced with permission from Ref. [42]

Since the GEq-GAMOR methodology could be
performed with averaging times of 40 s while the
ordinary SCM-GAMOR methodology utilized 10 s,
this methodology demonstrated performance simi-
lar to expectations [a reduction of the white noise
response by a factory of 2, given by 4/(40/10)].

Partly based on these two early GAMOR works
[41, 42], the ‘Pres2Vac’ project produced recommen-
dations for the use of gas modulated optical based
methods for "assessments of absolute, positive and
negative pressures in the 1 Pa to 10* Pa range", both
with regard to their use and a requirement of further
research and development to reach the full potential
of the technique in the longer term.

7.2.3 Assessment of precision of the
Invar-based DFPC system utilizing

the GAMOR methodology

The GAMOR methodology has not only provided a
means to reduce the influence of disturbance on the
assessment of refractivity, which has improved the
precision of assessments, it has also provided a va-
riety of means to improve on the instrumentation.
One such is that it opens up for the use of non-
conventional cavity-spacer materials, e.g. Invar. As
was shown in Fig. 5, a GAMOR-based system based
on an Invar-FPC, shortly described in section 5.2
above, has therefore been realized and characterized
[45, 46]. As is shown below, this system has demon-
strated a number of appealing properties.

The most prominent reasons why Invar can be
seen as an appealing material for refractometry are
the following ones [45, 46]:

(i) Invar has a high volumetric heat capacity. This
implies that a given amount of energy (supplied
by the gas) only provides a small temperature
increase in the spacer material,;

(ii) It has a high thermal conductivity. This im-
plies that any possible small temperature inho-
mogeneity created by the filling or evacuation
of gas will rapidly spread in the system (faster
than in systems with cavity spacers made of
glass materials) so as to make the temperature
of the DFPC-system homogeneous in a short
time, which is a prerequisite for an accurate as-
sessment of the temperature of the gas when
using short modulation cycles;

(iii) It has a high Young’s modulus, which gives the
cavity a lower pressure induced deformation;

(iv) It has a low degree of He diffusivity and perme-
ation, significantly lower than that of ULE glass.
This implies that there are virtually no memory
effects when He is addressed; and

(v) Invar can be machined in a standard metal work-
shop. This implies that more complicate geome-
tries can be created swiftly and to a low cost.

This has allowed Invar-based FPC-systems to be
constructed with a number of appealing features,

e.g.:
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(vi) The cavity system can be made "closed". This
implies that the gas does not fill a volume sur-
rounding the spacer as is the case for an "open"
system; instead it fills only one of the cavities.
This restricts the amount of gas being trans-
ferred into the refractometer in a single gas fill-
ing cycle;

(vii) Each cavity can be manufactured with a narrow
bore (with a radius of 3 mm). This implies that
the gas rapidly takes the temperature of the cav-
ity wall (within a fraction of a second) and that
each filling of gas brings in only a small volume
of gas (with a spacer length of 148 mm, < 5
cm?), and thereby, when 100 kPa is addressed,
only a small amount of energy (< 0.5 J), so as
to reduce the amount of pV-work;

(viii) The system can be constructed without any heat
islands (i.e. regions that are connected with low
thermal conductance), which additionally adds
to the ability that a small temperature inhomo-
geneity created by the filling or evacuation of
gas will rapidly spread in the system so as to
make the temperature of the DFPC-system ho-
mogeneous in a short time; and

(ix) The temperature of the cavity spacer can be as-
sessed by the use of sensors either placed in
holes drilled into the cavity spacer (three Pt-
100) or wrapped around the outside of the
spacer (a thermocouple) whose output is re-
ferred to a gallium fix point cell. This implies
that the assessment of gas temperature is not
affected by any possible homogeneous heating
of the cavity spacer; it is only influenced by the
difference in temperature between the cavity
spacer at the position(s) of the sensors and that
of the cavity wall.

Based on this, as was shown in Fig. 5, a GAMOR-
utilizing system based on an Invar-based DFPC re-
fractometer, has therefore been realized and charac-
terized [52, 45, 46]. Utilizing this instrumentation,
together with a DWPG to provide a reference pres-
sure, it has been demonstrated that it can outper-
form earlier systems based on Zerodur® and pro-
vide assessments with sub-ppm precision. Figure
(15) shows a set of uninterrupted measurement data
taken over 24 h by the Invar-based DFPC instrumen-
tation, presented as the difference, AP, between the

pressure measured by the refractometer, P, assessed
from the Egs. (10) - (15) using molecular param-
eter values from [41], corrected by a deformation
independent correction term 1, and the estimated
set-pressure of the DWPG, Pg,,, for an empty mea-
surement cavity and one at a pressure of 4303 Pa
[50].

20 =0.7 mPa

Boo oo S o

_______________________________________

0 5 10 s 0 2
time [h]

Figure 15. The difference between the pressure
of nitrogen assessed by the refractometer (cor-
rected, according to Ref. [50] by a deformation-
independent correction term, denoted 2)'), P, and
the estimated pressure supplied to the refrac-
tometer, Pg,,, denoted AP, for an empty cavity
(blue set of data) and at a pressure of 4303 Pa
(red set of data), respectively. The black curves
represent moving averages of 10 samples. The
dashed lines correspond to + 20 of the assessed
pressure difference. Reproduced with permission
from Ref. [45].

The data show, over a period of 24 h, for the
empty measurement cavity data (the upper set of
data, blue in color), a £20 spread of 0.7 mPa (cor-
responding to spreads in refractivity and beat fre-
quency of 2 x 107!? and 370 Hz, respectively). For
4303 Pa (the lower set of data, red in color), the data
have a spread of 3 mPa (0.7 ppm) and a mean devi-
ation of -4.7 mPa (1.1 ppm).

Although the lower curve in Fig. (15) shows a
noticeable amount of fluctuations, it is worth to
note that the precision of the data is, in fact, ex-
cellent. This is presented, for illustrative purposes,
by Fig. (16), which displays, as a function of time,
this GAMOR data in seven separate panels, (a) — (g),
with successively enlarged scales of the y-axis. While
panel (a) displays the signal with a y-scale ranging
over 8 kPa, the subsequent panels (b) — (g) display
the same data with successively one order of magni-
tude smaller range of the y-axis: i.e., 800 Pa, 80 Pa,
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8 Pa, 0.8 Pa, 0.08 Pa and 0.008 Pa, respectively. Each
red data point represents an individual GAMOR cy-
cle, while the black, dashed curves represent moving
averages of 10 cycles.
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Figure 16. The GAMOR signal from 4303 Pa of
nitrogen measured over 24 hours. The various
panels (a) - (g) display the same set of data with
successively smaller scales of the y-axis. Left
axis: Pressure; Right axis: Offset-adjusted pres-
sure. Panel (a) displays the response with an y-
axis scale of 8 000 Pa while the subsequent pan-
els (b) - (g) display the same data with succes-
sively one order of magnitude smaller range of
the y-axis: i.e., the panels (b) - (g) cover 800
Pa, 80 Pa, 8 Pa, 0.8 Pa, 0.08 Pa and 0.008 Pa, re-
spectively. Hence, panel (g) is an enlargement of
panel (a) by six orders of magnitude. Each red
data point represents an individual GAMOR cy-
cle. The black, dashed curves represent moving
averages of 10 cycles. Reproduced with permis-
sion from Ref. [56]

To analyze this data in more detail, Fig. (17)
displays a comparison between the Allan deviations
of the GAMOR data from the Invar-based system
presented in Fig. (15) (given by the blue and red
markers) and a system with a Zerodur spacer (green
markers [42]).

Figure 17. Allan deviations, o,, of pressure as-
sessments made by the GAMOR methodology.
Green markers: data earlier obtained at 4303 Pa
from a Zerodur cavity [42]; Red markers: data
taken at the same pressure by the Invar-based
system presented in [45]; Blue markers: data
taken by the Invar-based system with an empty
measurement cavity; Dashed horizontal line: an
Allan deviation of 1 mPa; Dash-dotted slanting
lines: Allan deviations corresponding to a white
noise level of 7 and 3 mPa s'/?, respectively. Re-
produced with permission from Ref. [45].

This data show, as is expected of GAMOR, which
is insensitive to long-term drifts of the cavity length,
that the Allan deviation of data taken from an empty
cavity (in which temperature drifts become irrele-
vant) does not show any noticeable drift (lowermost
curve, blue in Fig. 17); such measurements are solely
limited by white noise, in this case at a level of 3 mPa
s'/2, providing a minimum deviation of 0.03 mPa
(which corresponds to a deviation of the detected
beat frequency of 16 Hz) at 10* s. This shows, in ac-
cordance with assumptions and predictions, that the
system, within these measurement times, only picks-
up minute amounts of fluctuations or drifts from an
empty measurement cavity assessment.

The data taken at 4303 Pa (red markers), on the
other hand, show, for measurement times up to 500
s, a slightly higher white noise level of 7 mPa s'/2,
after which flicker noise or drifts affect the system.

This implies that the 0.7 ppm spread in the low-
ermost curve in the Fig. (15) is mainly attributed
to drifts in the temperature assessments and of a
pressure gauge in the system. The mean deviation
between the pressure measured by the refractome-
ter and the set-pressure of the pressure balance at
4303 Pa of 1.1 ppm originates mainly from drifts in
the temperature assessments between the instants of
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characterization and measurements.

This is a clear improvement from previous assess-
ments based on a Zerodur cavity for which the white
noise levels of the empty cavity measurement and
that at 4303 Pa were 10 and 22 mPa s'/2, respec-
tively (where the latter are displayed by the green
markers in Fig. 17) [42].

The Allan plot analysis shows that the optimum
integration time for assessment of 4303 Pa was
around 1000 s (corresponding to 10 modulation cy-
cles). Under these conditions, the system demon-
strated a minimum (Allan) deviation of 0.34 mPa
[which corresponds to relative deviation (or 1o pre-
cision) of 0.08 ppm] [45]. For longer integration
times, the deviation increased (attributed to fluctua-
tions in the temperature measurement module) be-
fore it reached a plateau of 0.7 mPa (at 7 000 s).

The minimum level of deviation of the system
was found to be significantly better, and that of the
plateau slightly better, than the 0.9 - 1 mPa reached
with the Zerodur cavity [42].

7.2.4 Short-term performance of two
Invar-based DFPC GAMOR systems

for assessment of pressure

There is a number of applications, e.g., character-
ization of pressure sensors and studies of rapidly
changing pressures or processes giving rise to such,
for which it is of importance that the system has
a fast response. Although several types of refrac-
tometers have been scrutinized over the years [13-
22, 30, 41, 42, 45, 46, 50, 52, 53, 55], none of them
has yet been characterized with respect to its short-
term behavior. It is therefore of importance to per-
form such characterizations. By use of two GAMOR
based systems (of which one is the transportable,
denoted the "Transportable Optical Pascal", abbrevi-
ated the TOPR described below), it has been demon-
strated that the combination of Invar-based FPC and
the GAMOR methodology is suitable also for assess-
ments of pressure shifts with short settling times.

As is shown in Fig. (18), by connecting the
aforementioned stationary and the transportable
GAMOR-based refractometry systems (where the
former is denoted the "Stationary Optical Pascal,
i.e. the SOP) to the same gas system, whose pressure
was set by a common DWPG, their short-term per-
formances could be scrutinized in some detail [47].
As the refractometers were independent, it could be

concluded that deviations that are common to both
systems are not inherent to any of the refractome-
ters, but rather to the DWPG or the gas handling
system. Thereby, by addressing their common re-
sponse (in reality, the difference between them), it
was possible to assess the short-term performances
of two independent GAMOR-utilizing refractometers
regarding their ability to assess pressure without any
influence from the DWPG or the gas handling sys-
tem.

Gas handling

Gas handling

' | DFPC DFPC
Optics ) , Optics
“Ho o) — {0 o =

Data acquisition = Data acquisition

Digital Control - - Digital Control

Figure 18. The SOP (the stationary optical Pas-
cal) system (in the rightmost box on the optical
table) and the TOP (the transportable optical Pas-
cal) system (to the right), both connected to a
common DWPG (in the leftmost box on the op-
tical table), gas supply (between the SOP- and
DWPG boxes), vacuum system (not in the figure),
and computer (for control and data acquisition),
together with various electronics (for the SOP
partly seen on the shelves, and, for the TOB in
the rack). The bottom part of the figure shows a
schematic illustration of the two refractometers
and their connection to the DWPG. Reproduced
with permission from Ref. [47]

Figure (19) shows, in panel (a), an enlargement
of 70 s of refractometry data taken by the SOP and
the TOP from 16 kPa of N, generated by a common
DWPG. Panel (b) displays the same data in a cor-
relation plot. The latter plot shows that the refrac-
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tometers can provide a short-term precision on the 1
s time scale of 3 x 1078, which is one order of mag-
nitude better than the corresponding stability of the
pressure provided by the DWPG. This illustrates that
the stability of such an assessment is not primarily
limited by the refractometer. This opens up for a
number of novel applications for refractometry.
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Figure 19. Panel a): an enlargement of 70 s of
refractometry data taken by the SOP and the TOP
from 16 kPa of N, generated by a common DWPG.
Panel b): A correlation plot of the same data. In
the latter panel, the x- and the y-axes represent
the pressures assessed by the SOP and the TOB
respectively. Time is represented by the color,
where the first data points are marked with or-
ange color while the last ones are in black. Re-
produced with permission from Ref. [47]

7.3 Demonstration of the ability of
GAMOR-based refractometer systems
to provide low uncertainty
assessments

To properly assess pressure, and, in particular, if a

primary standard is to be realized, it is of impor-

tance to not only have an outstanding precision,
it is also necessary to certify that the assessments
can be made with low enough uncertainty. To be
able to achieve this, there are a number of issues

that need to be addressed adequately in order for a

GAMOR-based refractometer system to provide low

uncertainty assessments. Of special importance are

the influence of thermodynamic effects on the as-
sessments (i.e., pV-work) [48, 49], the ability to
properly and accurately assess the gas temperature
[46, 48], and assessment of to which extent pres-
sure induced cavity deformation [50], mirror pene-
tration depths [51], and the Gouy phase [51] affects
assessments. To address the concept of accuracy, so
as to be able to assess the total uncertainty of a pres-
sure assessment, the influences of these concepts on
the assessment of pressure by use of the Invar-based
DFPC system have been addressed in some detail in
a number of separate works [46, 48-51].

7.3.1 The influence of thermodynamic
effects (pV-work) on the
assessments and the ability to

assess gas temperature accurately

To accurately assess pressure, it is vital to certify that
the assessments are not affected by any thermody-
namic effects from the gas filling and emptying pro-
cesses, i.e., pV-work, and to assess the temperature
of the gas accurately. The aforementioned features
of the GAMOR methodology (given in the sections
7.1 and 7.2) provide a number of properties of the
system that vouch for both virtually no influence of
any pV-work and a good ability to assess gas tem-
perature.

A recent work by Rubin et al. was dedicated to
a scrutiny of to which extent the Invar-based DFPC
system is affected by pV-work when the GAMOR
methodology is applied [48].

Simulations of gas dynamics showed, among
other things, that, primarily due to the "reasons" (vi)
and (vii) given in section 7.2.3, i.e. that the system
is "closed" and that each cavity has been manufac-
tured with a narrow bore (with a radius of 3 mm),
the equilibration of pressure in the cavity when ni-
trogen is let in takes place on a time scale of ten mil-
liseconds and that the gas adopts the temperature of
the cavity wall on a time scale of less than a couple
of seconds [48].

Simulations of the transfer of heat in the system
were used to estimate the characteristic time scale
for the heat dissipation process. This was assessed
to be in the few or ten second range. The cause for
this is, in addition to the "reasons" (vi) and (vii) from
above, also (i), (ii), and (viii), which state that Invar
has a high volumetric heat capacity, a high thermal
conductivity, and that it has been possible to con-
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struct the system without any heat islands. Addi-
tionally, as indicated by "reason" (vii), since the cav-
ity volume is small (< 5 cm?), the gas transfers only
a small amount of energy (< 0.5 J) into the system
during a gas filling process. Due to the high heat
capacity of Invar, this will give rise to only a mi-
nor local heating of the cavity spacer. In addition,
due to the large thermal conductivity of Invar (one
order of magnitude larger than for typical glasses)
and since the system is constructed without heat is-
lands, this minor local heating will rapidly dissipate
into the material and provide a small homogeneous
change in temperature of the entire spacer block (in
the order of 0.3 mK) [48].

When gas is evacuated from the cavity during
the second part of the modulation cycle, a similar
amount of energy is removed from the system, giv-
ing rise to a similarly sized temperature decrease of
the system. The net supply of energy to the cavity
from the gas filling and emptying process is there-
fore practically negligible [48].

Moreover, since the system assesses temperature
by the use of sensors placed either in holes drilled in
the cavity spacer or wrapped tightly around the out-
side of the spacer, any possible homogeneous heat-
ing of the cavity spacer can be measured and will
directly be accounted for. Therefore, the pressure
assessments are only influenced by the difference be-
tween the temperature of the cavity walls and that of
the cavity spacer at the position(s) of the sensors. It
was found that, under normal conditions (for pres-
sures up to 100 kPa and when the gas modulation pe-
riods are 100 or 200 s), this difference will, when the
refractivity assessments are made, be minute, well
into the sub-mK range [48].

It was estimated in that work that an upper limit
for the influence of pV-work made by nitrogen on
the Invar-based DFPC system, is, for 100 s long mod-
ulation cycles, 0.5 mK/100 kPa (or 1.8 ppm/100
kPa) and, for 200 s long cycles, 0.4 mK/100 kPa (or
1.3 ppm/100 kPa) [48].

These estimates were compared with experi-
ments. Since none of these assessment performed
in the 4 - 30 kPa range in Ref. [48] showed any re-
solvable effect from pV-work, they support the es-
timates. A subsequent study addressing 100 kPa
was able though to detect a minor influence of pV-
work on the assessments [49]; it was found that the
heating of the cavity spacer in reality is significantly
lower than the upper limits predicted by the simu-

lations; the measured temperature deviations were
found to be about one third of those. This suggests
that, for the cases of 100 and 200 s long modulation
cycles, deviations of 0.16 and 0.12 mK/100 kPa, cor-
responding to sub-ppm levels/100 kPa, should pre-
vail, respectively.

This implies that the Invar-based DFPC system
utilizing the GAMOR methodology is not expected
to be significantly affected by thermodynamic pro-
cesses that are associated with the exchange of gas
(i.e., pV-work). Such effects are therefore currently
not a limiting factor when the Invar-based DFPC
GAMOR system is used for assessments of pressure
or if it would be used as a primary pressure standard,
up to atmospheric pressure.

7.3.2 Development of a Ga
fixed-temperature cell for accurate

assessment of temperature.

As is shown by Silander et al. [46], to properly as-
sess the temperature of the spacer block of the Invar-
based DFPC refractometer, it was equipped with
an automated, miniaturized gallium fixed-point cell.
Utilizing repeated heating-and-cooling cycles, where
each heating part, which serves as the reference to
thermocouple sensor, lasts ca. 100 h.

As is described in some detail in the guide "Devel-
opment of methods for control and assessment of the
temperature of the gas in Fabry-Pérot cavities" [67], it
was found that, during the most stable part of the
Ga melting cycle, the combined (& 20) stability of
the fixed-point cell and thermocouple measurement
was smaller than 220 uK. An estimate of the total
uncertainty in the temperature measurement system
indicated 1.2 mK (4 ppm), dominated by the stabil-
ity of the nanovoltmeter used for assessment of the
thermocouple voltage [46].

7.3.3 Development of a
disturbance-resistant methodology
for assessment of cavity

deformation
The high precision has also allowed for the realiza-
tion of a novel, disturbance-resistant methodology
for assessment of cavity deformation in FPC refrac-
tometers [50]. It is based on scrutinizing the differ-
ence between two pressures: one assessed by the un-
characterized refractometer and the other provided
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by an external pressure reference system, at a series
of (set) pressures for two gases with dissimilar re-
fractivity, He and N,,.

By fitting linear functions to these responses and
extracting their slopes, two physical entities of im-
portance could be constructed: one representing the
cavity deformation (more precisely, the refractivity-
normalized relative difference in the change in
lengths of the two cavities due to pressurization),
in this work denoted ¢’, and the other comprising
a combination of the systematic errors of a multi-
tude of physical entities, v, (those of the assessed
temperature, the molar polarizabilities, and the set
pressure). This provides a robust assessment of cav-
ity deformation with small amounts of uncertainties
[50].

A thorough mathematical description of the pro-
cedure served as a basis for an evaluation of the basic
properties and features of the procedure [50]. This
indicated that the cavity deformation assessments
are independent of systematic errors in both the ref-
erence pressure and the assessment of gas tempera-
ture, and when the GAMOR methodology is used,
that they are insensitive to gas leakages and out-
gassing into the system.

It has been shown that when a high-precision
(sub-ppm) refractometer is characterized according
to the procedure, and under the condition that high
purity gases are used, the uncertainty in the defor-
mation contributes to the uncertainty in the assess-
ment of pressure of nitrogen on a level of 1 or 2 ppm
(depending on which type of N, pressure standard
it refers to; a mechanical or a thermodynamic one,
respectively) [52]. Since this presently solely is a
fraction of the uncertainty of the molar polarizabil-
ity of nitrogen, this implies that, in practice, as long
as gas purity can be sustained, cavity deformation
is not a limiting factor in FP-based refractometer as-
sessments of pressure of nitrogen.

7.3.4 Development of a methodology for
accurate in-situ assessment of the
penetration depth of mirrors
comprising a quarter-wave stack
(QWS) high-reflection coating of
type H

An experimental methodology for assessment of the

influence of the penetration depth of QWS mirror

coatings of type H on the assessment of refractivity,
for the case when the laser is centered on the mirror
design frequency, through the v, entity, defined in
close proximity to the Egs. (2) and (3), and, when
the mirrors are not used around their center fre-
quency, the y; entity, was developed and presented
by Silander et al. [51]. The procedure encompasses
accurate assessments of the FSR, measured by the
use of induced mode jumps and the frequency of the
empty cavity mode, v,, assessed by referencing the
locked laser to an optical frequency comb, together
with the use of the mode number, m, which, since
it is an integer, can be assessed without uncertainty.

Using the presented methodology, the y! entity
for the mirrors addressed could be assessed, under
the same conditions as when refractivity measure-
ments are performed and without modifying the set-
up, with a relative uncertainty of 2% [to 1.728(32)].
This implies that the mirror coatings will not signif-
icantly influence the uncertainty of assessments of
refractivity and pressure; they contribute to the ex-
panded uncertainties of these entities with contribu-
tions that solely are < 8 x 107! and (for nitrogen)
< 0.3 mPa, respectively [51]. This implies that the
methodology is suitable for elimination of the influ-
ence of penetration depth of QWS coated mirrors of
type H in FP-based refractometry.

7.3.5 Assessment of the uncertainty of
the stationary and the transportable
Invar-based FPC optical Pascals —
the SOP and the TOP — for
assessment of pressure

The two Invar-based FPC systems utilizing the

GAMOR methodology described above (the Station-

ary and Transportable Optical Pascals, denoted the

SOP and the TOP) were characterized with respect

to their abilities to assess pressure in the 4 - 25 kPa

range [52].

Based on the fact that the influence of thermo-
dynamic effects on the assessments (i.e., the pV-
work) can be neglected [48], that the construction
allows for low uncertainty assessments of gas tem-
perature [46], and that the pressure induced cavity
deformation could be assessed with low uncertainty
[50], and assuming that the influence of the mirror
penetration depth and the Gouy phase could be ne-
glected [51], the expanded uncertainty of the two
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refractometers could be assessed to [52]:24
« for the SOP: [(10 mPa)? + (10 x107°P)?]"/2;
* for the TOP: [(16 mPa)? + (28 x107°P)?]V/2.

It was concluded that while the uncertainty of the
SOP is mainly limited by the uncertainty in the molar
polarizability of N, (8 ppm), that of the TOP is lim-
ited by the temperature assessment (26 ppm) [52].

To verify the long term stability, the systems were
also compared to each other over a period of 5
months. It was found that all measurements fell
within the estimated expanded uncertainty (k=2)
for comparative measurements (27 ppm). This veri-
fied that the estimated error budget for the uncorre-
lated errors holds over this extensive period of time.

7.4 Realization of transportable
refractometer systems based on the

GAMOR methodology

The ability of the GAMOR methodology to mitigate
the influence of fluctuations and drifts has also en-
abled the realisation of transportable refractometry
systems. A first version was realized as a part of the
previous EMPIR project (JRP 14INDO6 ‘Pres2Vac’) al-
though its performance was assessed as a part of the
present "QuantumPascal" project [53]. Its function-
ality was demonstrated at the last workshop at the
National Metrology Institute at RISE, in Boras, Swe-
den, 2018 with sub-ppm precision (0.5 — 0.9 ppm).
The system was thereafter disassembled, packed and
transported on winter roads in sub zero °C tempera-
ture 1 040 km to Umeéd University, where it, after un-
packing and reassembling, demonstrated a similar
precision (0.8 — 2.1 ppm). This shows that the sys-
tem could be disassembled, packed, transported, un-
packed, and reassembled with virtually unchanged
performance [53].

24Since the mirror penetration depth and the Gouy phase were
neglected in the work by Silander et al. [52], the analysis was
based on Eq. (4) above, which, according to footnote 3, is based
on a cavity resonance condition given in terms of the number of
wavelengths the light experiences under a round trip. As is dis-
cussed in the proximity of Eq. (9), this is adequate as long as the
empty measurement cavity frequency is defined as an "effective"

empty cavity frequency, vs, given by vo/(1+ 7?—”?0 + ;—i)). This was
not done within the work by Silander et al. [51] though. How-
ever, as is discussed in footnote 29 of Silander et al. [51], although
this implies that the cavity mode number was incorrectly assessed
by Silander et al. [52] by a single unit, when this redefinition is
included in the analysis, it does not affect the assessment of the
uncertainty of the instrumentation.

Based on this successful realization, and address-
ing its identified shortcomings, a second version of
a transportable refractometer system, the TOB was
constructed as a part of the present EMPIR JRP
project, 18SIB04 "QuantumPascal” As is shown in
Fig. (20), the system is constructed around a 19-inch
rack which comprises all lasers, electronics, and gas
connections. Its construction and functionality are
described in some detail in the works by Forssén et
al. [47] and Silander et al. [52].

Figure 20. The TOP system seen from the front
and rear. All lasers, electronics, and gas connec-
tions are placed within a 19-inch rack. On top
of the rack, there is a 60 x 60 x 25 cm encap-
sulated box (denoted the cavity unit) that con-
tains, as its base, an optical breadboard, on which
the Invar-based DFPC is placed (in turn, encap-
sulated in an aluminum enclosure, denoted the
"oven"). This unit also comprises four pneumatic
valves that control the filling and emptying of
gas in the cavity during the GAMOR-cycles and
collimators, mirrors, and detectors that couple
light into the cavities and measures the transmit-
tance, respectively. The rack contains thereafter,
from the top to the bottom, seven modules, de-
noted A-G, containing vacuum connectors, com-
munication hub, fiber-optics, frequency counter,
two fiber lasers, and locking electronics. The rack
stands on four wheels that allow the system to be
easily moved within the laboratory. Reproduced
with permission from Ref. [47]
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On top of the rack, there is a 60 x 60 x 25 cm
encapsulated box (the cavity unit) that contains an
optical breadboard on which the Invar-based DFPC
is placed (which in turn, is encapsulated in an Al en-
closure, denoted the oven). As is described above (in
section 5.2.2), this unit comprises four pneumatic
valves that control the filling and emptying of gas
in the two cavities during the GAMOR-cycles and a
number of collimators, mirrors, and detectors that
couple light into the cavities and measure the re-
flected and the transmitted light, respectively.

The rack comprises thereafter seven modules
containing vacuum connectors, communication hub,
fiber-optics, a frequency counter, two fiber lasers,
and locking electronics. The rack stands on four
wheels that allow the system to be easily moved
within the laboratory. Details of the system are given
in Forssén et al. [47].

The system, whose (k=2) expanded uncertainty
of the system was assessed to [(16 mPa)? + (28
x107P)]'/2, limited by the uncertainty in the tem-
perature assessment (26 ppm), has recently been
used for a circular comparison of existing primary
standards at several national metrology institutes
(NMlIs); the measurement campaign originated from
RISE and comprised PTB (Berlin), INRiM (Turin),
and CNAM (Paris), before it returned to RISE [54].
One of the aims of this ring comparison was to pro-
vide information about the refractometer, its mode
of operation, and its performance, including its abil-
ity to withstand ordinary commercial transportation.
The result of the ring comparison, which presently is
ongoing, will be reported elsewhere.

It has been established though that once the sys-
tem arrived at any of the NMI laboratories it could
be unpacked in a couple of hours. Although it is, in
principle, directly ready for operation, it was found
advantageous to let the system thermalize overnight.
This is not seen as a major drawback since it gives the
operator time to test and prepare the system for its
task.

The experiences obtained from this ring compar-
ison will be used for improvement of the TOP and
for future realizations of transportable systems with
improved performance.

8 A summary of the basic features
of the GAMOR methodology

Up to hitherto, this guide has summarized the ba-
sic features of the GAMOR methodology; its prin-
ciples, how it can be implemented, and its various
properties. It has also provided demonstrations of
its performance, in particular how it can improve
on the performance of conventional (unmodulated)
refractivity regarding assessment of refractivity and
thereby pressure.

Irrespective of whether FPC-based refractometry
is performed unmodulated or modulated, all realiza-
tions (including GAMOR-based systems) are based
on the same fundamental principle; they measure
the change in refractivity between two situations,
with and without gas in a cavity, as a change in the
frequency of laser light that is locked to a mode of
the cavity. Hence, both unmodulated and modulated
types of refractometry can be based on the same ba-
sic expressions, for the case with refractometry in
general, given by the Egs. (5) and (9), and, more
suitable for the GAMOR methodology, given by the
Egs. (10) and (13).

While ordinary refractometry tends to emphasise
that the most accurate assessments need to be per-
formed under extraordinary well-controlled (i.e. dis-
turbance free) conditions, the GAMOR methodology
is based on a recognition of the fact that virtually
all types of instrumentation are affected by various
types of disturbances on some level.

Since many types of fluctuation have a 1/f¢
dependence (where a > 0), the higher the fre-
quency at which the signal is modulated and de-
tected, the less the system is influenced by (or will
pick up) fluctuations. The same is valid for drifts;
the higher the frequency at which the signal is de-
tected, the less the system is influenced by (or will
pick up) a given amount of drift. Similar to vari-
ous other modulated detection techniques, e.g. fre-
quency and wavelength modulation spectrometry
(FMS and WMS, respectively) and noise-immune
cavity-enhanced optical-heterodyne molecular spec-
troscopy (NICE-OHMS)[62-65, 68, 69], the GAMOR
methodology therefore strives for coding and decod-
ing the signal at an as high frequency as possible.
This is done by a modulation of the amount of gas in
one of the cavities.

This is manifested through its first cornerstone,
viz.
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(i) the refractivity of the gas in the measurement
cavity is assessed by a frequent referencing of
filled measurement cavity beat frequencies to
evacuated cavity beat frequencies.

To additionally reduce the influence of distur-
bances (primarily fluctuations and drifts) it also in-
corporates a second cornerstone, viz.

(ii) the evacuated measurement cavity beat fre-
quency at the time of the assessment of the filled
measurement cavity beat frequency is estimated
by use of an interpolation between two evacu-
ated measurement cavity beat frequency assess-
ments, one performed before and one after the
filled cavity assessments.

By this, the GAMOR methodology mitigates
swiftly and conveniently the influence of various
types of disturbances in refractometry systems, not
only those from changes in length of the cavity
caused by drifts in the temperature of the cavity
spacer, but also several of those that have other ori-
gins (e.g., those from gas leakages and outgassing)
[35, 41-45].

As described in some detail above, the GAMOR
methodology has an extraordinary ability to improve
on the precision of assessments of refractivity and
thereby pressure. Its ability to reduce various types
of fluctuations has been found to be of increasing
importance the lower the addressed pressure, em-
phasising its role for assessments of pressures below
100 kPa.

It also provides a number of advantages that not
only facilitates and improves on the assessments of
refractivity and thereby pressure, it also opens up
for the realization of systems based on cavity spacers
in non-conventional material and transportable sys-
tems. After some initial proof-of-concept demonstra-
tions using a cavity spacer of Zerodur [36, 41, 42], a
system based on an Invar-cavity-spacer was realized
[45, 46, 52]. Aswas mediated in section 7.2.3 above,
such a cavity spacer has a number of advantages that
provide several extraordinary properties that facili-
tate assessments of refractivity and pressure.

For example, it has been shown that it is possible
to construct an Invar-based DFPC system cavity sys-
tem that, when utilizing the GAMOR methodology
with gas modulation periods of 100 s, is not signifi-
cantly affected by thermodynamic processes that are
associated with the exchange of gas (i.e., pV-work)

[48, 49]. This implies that pV-work is currently not a
limiting factor when the Invar-based DFPC GAMOR
system is used for assessments of pressure or if it
would be used as a primary pressure standard, both
up to atmospheric pressure.

In addition, it has been shown that, thanks to its
sub-ppm precision, it can significantly improve on
the ability to assess pressure-induced cavity defor-
mation by the use of a novel methodology that not
only comprises two gases with dissimilar relativity
but also performs the assessment at a series of as-
sessments so as to additionally reduce the influence
of gas leakages and outgassing [50]. It has also al-
lowed for a methodology for accurate in-situ assess-
ment of the penetration depth of mirrors comprising
a QWS coating of type H to such an extent that the
phenomenon presently does not have any significant
impact on the extended uncertainty of the technique
[52].

Its excellent precision has also led to an improve-
ment of the accuracy of an instrumentation to such
a level that the precision solely plays a minor (un-
der optimal conditions, no) role in the total uncer-
tainty budget. Up until today, it has been possible to
realize a system that has demonstrated assessment
of pressure with an expanded uncertainty (k=2) of
[(10 mPa)? + (10 x 107°P)?]"/2 mainly limited by
the uncertainty in the molar polarizability of nitro-
gen (8 ppm) [52].

All this indicates that the combination of a well-
characterized Invar-based DFPC system (with re-
spect to cavity distortion and mirror penetration
depth), the GAMOR methodology, and a Ga fixed-
point cell can provide a basis for a self-contained sys-
tem that only needs a pure gas supply and accurate
frequency references to realize the Pascal. This is an
important step towards the dissemination of the Pas-
cal through fundamental principles.

9 Arecipe on how to construct a
GAMOR-based FPC
refractometry system suitable
for high precision and low

uncertainty assessments
A recipe on how to implement GAMOR in a DFPC-
system is as follows:
To allow for "short" gas modulation cycles:
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€8]

(2

€))

4)

()

6)

(7)

®)

)

(10)

Realize a DFPC-based system with such small
gas volumes that only a restricted amount of en-
ergy is brought into the cavity system with the
introduction of the gas and with good thermal
conductivity and no "heat islands" so that pV-
work will not adversely affect the performance
on the time scales utilized;

Design and construct a gas handling system that
automatically can modulate the amount of gas
in the measurement cavity;

Avoid using cavity materials and components in
the gas handling system that have a large per-
meability to any of the gases to be used; and

Create a gas evacuation system (based on the
cavity volume, the tube dimensions, and the
pumping effect) that allows for effective evac-
uation of the measurement cavity during the
evacuation period.

In addition:

To provide good temperature conditions, con-
struct a temperature-stabilized environment
around the cavity system, preferably with a sta-
bility in the low mK range;

To avoid accumulation of gas impurities, avoid
creating a system in which gas stands still —
i.e., use flowing gas where possible;

Utilize lasers that are tunable within a suitable
wavelength range for which molecular data are
provided or can be retrieved and for which
there are suitable electro-optic (and, if needed,
acousto-optic) components available so that the
lasers can be easily tuned and sturdily locked to
cavity modes;

Construct a system for sturdy locking the lasers
to longitudinal modes of the cavities; preferably
by use of the PDH technique;

Construct an optical system that allows for effi-
cient spatial mode matching and easy optimiza-
tion of the lasers to the cavity modes;

To allow for autonomous assessments over any
lengths of time, and to stay within the tuning
range of the lasers, but also to avoid too large
frequency detunings (so as to minimize the in-
fluence of the group delay dispersion, GDD),

(11)

(12)

(13)

(14)

(15)

(16)

(7)

(18)

(19)

(20)

(2D

provide means to automatically and rapidly
(preferably within a second) relock the lasers
(e.g., by detecting and using also the transmit-
ted light);

Assess, with adequate accuracy, the empty cav-
ity frequencies of the two lasers, i.e., v, and
Vors

Design and utilize a method to assess the values
of the numbers of the modes at which the empty
cavity frequencies are assessed, i.e., m,, and
my,, preferably with no uncertainty;

Design and utilize a method to automatically
keep track of the numbers of the modes ad-
dressed in terms of deviations from m,,, and
my,, i.e., the Am,,(t) and Am,(t) entities;

Provide means to assess, in a repeated manner,
the beat frequency between the two lasers, i.e.,

the f(t);

Provide means to assess the temperature of the
gas, T(t), preferably by assessing the tempera-
ture of the cavity spacer repeatedly, with a sta-
bility in the low or sub-mK range;

Create a data acquisition system that can as-
sess all repeatedly assessed input parameters,
primarily the f(t), Am,,(t), Am,(t), and T(t),
in a synchronous manner with clearly defined
time stamps;

Estimate the value of the Gouy phase parame-
ter, Og;

Characterize (or estimate) the penetration
depths of the mirrors in terms of the y, en-
tity (or, when the mirrors are not used around
their center frequency, y), possibly using the
methodology developed by Silander et al. [51];

Assess, from the vy, ©g, my,, and y. (or y7)
entities, the v, entity for the measurement
cavity;

Assess the v for the reference cavity from the
corresponding entities for that cavity;

Provide means to automatically assess, by the
use of Eq. (10) and the f(t), Am,,(t), Am,(t),
Mom, Moy, vy, and v, _entities, the unwrapped
beat frequency, i.e., the fi;,(t) entity;
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(22)

(23)

(24)

(25)

(26)

(27)

(28)

To be able to implement cornerstone 2, create,
based on pair-wise assessments of the "base-
line" [i.e. the unwrapped beat frequency en-
tity when both cavities are evacuated, i.e.,
fé?/\),(tkﬂ) and [S?,\),(tk)], by interpolation, ac-
cording to Eq. (11), an estimate of the empty
cavity beat frequency for all time instants dur-
ing a gas modulation cycle, fl(]?/a(t);

To create the Afy,,(t) entity, relate, at each
time instant, according to Eq. (12), the un-

wrapped beat frequency measured with gas in
the measurement cavity, [(]%(t), to the interpo-
(0)

lated "baseline", fUW(t);

Characterize the system with respect to its re-
fractivity normalized pressure induced defor-
mation, ¢’, (for the case when the relative elon-
gation is considered to be linear with pressure
and when nitrogen is assessed, to &,) possibly
using the methodology developed by Zakrisson
et al. [50];

Assess, from the Afyy (t), vy, Am,(t), mgy,
O, and ¢’ (or £;) entities, the refractivity, (n—
1)(t), by use of Eq. (13);%°

To certify that the assessments are not influ-
enced by thermodynamic effects, assess the
lower limit of the gas modulation period for
which the assessments are not noticeably in-
fluenced by any pV-work, and use modulation
times equal to or longer than this;

Assess the molar density and pressure by use of
the Lorentz-Lorenz equation and an appropri-
ate equation of state. For the case of nitrogen,
and for pressures up to 10° Pa, use the Eqs. (14)
and (15) with appropriate molecular parameter
values from the literature;

To reduce the influence of white noise, assess,
by a series of measurements, the optimum intra-
cycle averaging time for assessment of the beat
frequency under both filled and empty measure-
ment cavity conditions; and

25For the case when not both the conditions that the relative
elongation is linear with pressure and nitrogen is addressed hold,
Eq. (13) should to be exchanged to a corresponding one based on
Eq. (5).

(29)

To optimize the system, assess the optimum
modulation and detection conditions for the
system (e.g., the number of modulation cycled
over which the data are averaged) by analyz-
ing the assessed pressure by an Allan variance
analysis.

By this, refractivity, molar density, and pressure,
can be assessed or realized by DFPC-based refrac-
tometry with higher precision than if unmodulated
refractometry would be used, and, if precision has
been a sizeable part of the uncertainty, also an im-
proved uncertainty.
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Appendix

A. Derivation of expressions for the refractivity in FPC-based refractometry in the
presence of mirrors comprising a quarter-wave stack (QWS) coating of type H and the
Gouy phase

Following [59], the round-trip resonance condition of the m'"* T EM,, mode of a FP cavity with DBR mirrors
can be written as

2km(L0+5L)+¢1 +¢2_2@G :27Tm, (Al)

where k;, is the wave vector of the light in the cavity, L, the distance between the front facets of the two
DBRs coatings of the mirrors, 6 L the pressure induced cavity deformation, ¢; and ¢, the reflection phases of
the two DBR equipped mirrors, ©; the (single pass) Gouy phase, and m an integer, representing the number
of the longitudinal mode the laser addresses.

For the case with two identical mirrors, as is assumed here, it is convenient to assume that ¢; = ¢, = ¢.

1. For working ranges centred on the mirror center frequency

Assuming that the laser frequency is close to the design frequency, v., where the non-linear contributions
to the phase can be neglected, it is possible to express ¢ as (9 ¢/ w)(w — w,). It is customary to define
(¢ /3 w) as the delay an optical pulse experiences upon reflection from a DBR when its spectrum fits well
within the stop-band of the coating, commonly referred to as the group delay and generally denoted 7.(n),
where the subscript . indicates that it refers to the mirror center frequency and n is the index of refraction of
the gas in front of the mirror (which, in this case, is in the cavity). This implies that it is possible to express
¢ in terms of the natural frequencies, v and v,, as 2nt(n)(v— v,).

Since k;, in general is given by n (w/c), this implies that Eq. (A.1) can be expressed as

2n(L0+5L)v+2crc(n)(v—vC)=c(m+ %) (A.2)

As is shown by Silander et al. [51], solving this for v [assuming ©,; and 7.(n) to be independent of the
frequency of the light, which is a most reasonable assumption for the cases when the laser frequency makes
recurring mode jumps whereby the maximum shift in frequency is the free-spectral-range, FSR, of the cavity]
gives

c[m+ 2 +21 (n)v] Cm[1+%+—nyﬁ,§n)]

= = s A.3
"7 2o + 60+ et )] 2n[Lo 4 8L + 2L, ()] (A3

where we in the last step have introduced y.(n), formally defined by @, and L. (n), given by %}S”),

where the latter represents the frequency penetration depth of a single mirror [2L.(n) thus represents the
elongation of the length of the cavity experienced during scans due to the penetration of light into the mirror
coatings].

For a mirror coating of type H, 7.(n) is given by nHﬁnL 2%6, where ny and n; are the indices of refraction
for the coating layers with highest and lowest index of refraction, respectively [59]. This implies that, for this
type of coating, both y.(n) and L. (n) are purely material-dependent, but index-of-refraction-independent,

. . 1 Y. .
parameters, that therefore henceforth can be written as y, and L, ., given by = and T respectively.

This implies that the frequency of the mode of the cavity the laser addresses in the absence of gas (i.e. the
mf)h mode), v,, can be written as

<) Ye
Cmo(l-i-n—nfo +m_0)

(A.4)
2(Ly+2L,,

Vo =
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Hence, when gas is filled into the cavity, the laser will shift its frequency an amount, A v, defined as vy— v,
given by
[S) ny,
cm(1+ %+ =
Av=v,— (14 5+ o) ) (A.5)
2n(Ly+6L+2L, )

Making use of the expression for the frequency of the mode of the cavity the laser addresses in the absence
of gas, i.e. Eq. (A.4), it is possible, by use of Eq. (A.5), to write an expression for the relative shift in frequency
of the laser light when gas is filled into the cavity, i.e. Av—ov, as

Av—l 1 m(1+®G+"“) 1
o mmg (14 2 4 ) 1+BL/L”

(A.6)

where we have introduced the notation L’ for the effective length of the empty cavity comprising coated
mirrors experienced during a scan, given by Ly + 2L .

Solving this expression for n —1 gives
M(1+®G+“)+A—m (1—“)(1+@G+“)

Vo Tmg mg mTmy

A-80+2)(1+ 2+ L) L&

my my

n—1=

(A.7)

where Am is the shift of the mode number, given by m —m,,.

Noting that 2% L, , to first order, is linear with pressure (and thereby refractivity), it is convenient to introduce
¢’ as the refractivity-normalized relative elongation of the FSR of the cavity due to the presence of the gas,
deﬁned as 7+ 5L 1 7. By doing this, it can be noted that the last term in the numerator, which is proportional to
L, ,hasa hnear dependence on refractivity, i.e. it is proportional to (n — 1). Merging this term with the left
hand side of the expression implies that it is possible to derive an expression for the refractivity that is given

by

M(1+&+L)+ﬂ
n—1= , (A.8)
1-22(1+ Se 4 Loyt 2 S -+ ne/(1+E,)

mm

where we have introduced the entity ., defined as £, = (1 + @G + Lo )(1 M) — 1. It is worth to note
that Eq. (A.8) is, for the case with mirror coatings comprising a QWS of type H, Inathernatlcally identical to
Eq. (A.1).

Since, for all practical purposes, &, ~ T?rgo + r’;‘o - AVOV A (eG +y.— 1) , for standard types of cavities

(with a length of some tens of cm and with mirrors with curvatures of 0. 5 m, for which 2¢ < 1 and M
maximally is in the mid 107° range, and for a typical QWS for which 0.5 < y, < 2), ne’, is max1mally in the
107 to the low 1078 range, thus significantly smaller than unity. This implies that it is possible to neglect the
influence of &, in the expression for the refractivity above and write it as

M(1+&+£)+ﬂ
n—1= (A.9)
1- 221+ 22+ )+ 22 e

mmgy

Moreover, as is shown by Eq. (SM-15) in the supplementary material to Zakrisson et al. [50], under
the condition that ‘z—,L can be written as kP, and by using an equation of state and the Lorentz-Lorenz ex-
0

pression, it is possible to conclude that &’ is an entity that has a weak dependence on refractivity (for low
pressures it acts as a constant and for higher it is weakly dependent on the refractivity) that can be written
as £y [1+&,(T)(n—1)], where ¢ is given by KRT% and £,4(T) is given by a combination of density and
refractivity virial coefficients.
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This implies that Eq. (A.9) can be expressed as

M(1+&+L)+ﬂ
n—1= — . (A.10)
1=+ e+ I )+ +eo+(n—1)so[1+§2(T)]

mm

Although this is a recursive equation in n — 1, the recursivity is very weak for most gas species. For
nitrogen, for example, it has been estimated by Zakrisson et al. that, at a temperature of 296.15 K, £,(T)
takes a value of -1.00(4) [50]. This implies that the &,(T) term fully cancels the unity term in the non-linear
(n—1)e,[1 + &,(T)] term in the denominator. For temperatures close to, but not exactly at, this, &,(T) differs
solely slightly from -1.00(4). Since, for the Invar-based cavity system used in this work [45], for which &; has
been found to be ca. 2 x 1073, and for the case when nitrogen is addressed, (n — 1)e, is solely 0.54 x 1076 at
100 KkPa, this implies that the (n—1)g; [1+ £,(T)] term can, also for a range of temperatures around 296 K,
and as long as pressures of nitrogen up to 100 kPa are addressed, safely be neglected. In this case, Eq. (A.10)
can be written more succinctly as

M(1+&+ﬁ)+ﬂ
- (A11)
1- 20+ s+ )+ 2o ve)

mmy

Since ¢ is a constant (index of refraction independent) entity, this implies that, by use of the refraction-
normalized relative deformation concept (i.e. ¢’ and 86 entities), n — 1 can, when nitrogen is addressed, be
expressed in terms of a recursive-free expression. This facilitates significantly the assessment of refractivity
from measurement data.

It is worth to note that the step that brings Eq. (A.10) into Eq. (A.11) is not appropriate when He is
addressed, since &,(T) for He takes a value of -15.208(1) (at 296.15 K). In this case, Eq. (A.10) needs to be
used instead of Eq. (A.11).

2. For working ranges not centred on the mirror center frequency

As is shown in Silander et al. [51], when the mirrors are not used around their mirror center frequency,
the reflection phase should preferably be expressed in terms of a Taylor series expended around the center
frequency of the working range, denoted v,. In this case, the cavity mode frequencies and refractivity given
above, i.e. the Egs. (A.3), (A.4), (A.9) - (A.11), can be used as long as the L,  and y, are replaced by
‘(") and 7y, (1 + Lo BV

Ty v ), where, in turn, 7,(n) is the GD at the center
27T (n)v

L. and y;, which are given by -

frequency of the light, y, is given by , Ay, represents the frequency difference between the mirror
center frequency and the center of the worklng range, i.e. v. — v,, while y, and y, represent the relative
contributions of the group delay dispersion (GDD) and the next higher order dispersion term in the Taylor
expansion of the phase shift of the reflection of light at the front facets of the mirrors respectively, given by
Table 1 in the Supplementary material in Ref. [51].

3. Comparison with previously used nomenclature

Although Eq. (A.11) is fully adequate in virtually all situations when nitrogen is addressed (irrespective of
whether any modulated methodology is used or not), it is alternatively possible to rewrite it in a form that
resembles the expressions previously given in the literature to express refractivity when the influences of the
mirror penetration depth and the Gouy phase are neglected as, for example, was done in the Refs. [35, 41,

42].26 By defining an "effective" empty cavity frequency, vy, given by v,/(1 + - -+ —) it is possible to write

265uch an expression has often been written as
Av+Aq
n—1=-—2129 (A12)
1-Av+e
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Eq. (A.11) for working ranges not centred on the mirror center frequency in a more succinct form, viz. as

E+A
n—1= m (A.13)
1— Av+ +so

where Ay now is defined as Ay = Av/vy and Am is defined as A%

A comparison between the Eqs. (A.12) and (A.13) shows that the presence of mirror penetration depth
and Gouy phase can be seen as a shift of the empty cavity laser frequency (transforming v, to v;) and
that the Gouy phase additionally provides a contribution in the denominator, similar to the distortion. In
addition, it also shows that the relevant quantum number is m (as defined above) and not g (as used in
the simplified expressions given in [35, 41, 42]), where the latter one is related to the former by ¢ = m +
% + ny.. This implies that also when the influences of the penetration depth and the Gouy phase are taken
into account, it is possible to make use of the simplified expressions of the refractivity for which efficient
evaluation procedures have been worked out when the GAMOR methodology is used, i.e. the Eq. (A.12),
with a minimum of alterations (by shifting the empty cavity laser frequency from v, to v and by interpreting

€ as = + £ where ¢ is defined as &L 4.

where Av is defined as Av = Av/ Y0, Aq is a shorthand notation for Aq/ qo, where Aq is the number of mode jumps the measurement
cavity laser has performed as a consequence of filling of the cavity while g, is the number of the mode addressed in the empty mea-
surement cavity where the two g and gy mode numbers are defined through the relations v = and vy = %, respectively, and

where ¢ is defined as 7+ 5L 11 .

__9qc
2n(Lo+6L)
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B. Nomenclature and definitions of drifts
To assess the ability of GAMOR to reduce the influence of specific types of drifts, it has been found convenient

to model the drift of the mode addressed in cavity i, i.e. vEO)(t), in terms of a Taylor series centered around
the time instants at which each refractometry assessment is made (i.e. at ty) as

av@
vE°)<r>=vE°)<fg)+( En ) o
‘s (B.1)

©)

1(82vi )

= (t—t,)%+...,
2 g

2\ ot ‘.

where (2 vgo) /dt), and (82 vl@ /2%t), represent the amount of linear and first order non-linear drifts of the
mode addressed in every modulation éycle, respectively.

Since the beat frequency is given by the difference in frequency of the two cavity modes addressed, for the
case with empty cavities by v&o)(t)— vfr?)(t), this implies that there will be drifts also of the empty measurement
cavity beat frequency, f©(t). Following the nomenclature above, this can be written as

of©@
f@&ﬁ#@&Q+(at)tU—%H
) azf“)) (B.2)
5( FYe ) (t—t)*+ ..,

where

f(O)(tg) = vSﬂO)(tg)_ v(n?)(tg)

af© ERO 2O
ot ), T\ ot . ot . (B.3)
GO (2O 3250
oz ), oz )\ a2 )
g g te
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