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INTRODUCTION

The development of scalable quantum technology is of particular importance for applications such as quantum
computation and simulation. Semiconductor quantum devices promise good potential for scaling up and the practical
realisation of integrated quantum circuitry. They also form a natural platform for the realisation of in-situ quantum
sensors for electrical properties in technology applications. Recent years have seen large efforts to harness the quantum
properties of single or few electrons for quantum technologies [1, 2], largely devoted to electrons that are spatially
localized at a physical site, e.g. in a quantum dot or a dopant in a semiconductor nanostructure. Single electrons have
also been moved in a controlled manner between such sites, typically by effectively moving a quantum dot confinement
potential, e.g., by potentials induced by surface acoustic waves [3] or by changing the gate voltages in quantum dot
arrays [4, 5]. This white paper offers an introduction to a so far less researched unique hardware resource for potential
quantum advantage: the controlled generation, manipulation, interaction, and measurement of single-electron wave
packets targeting the quantum state of their continuous degree of freedom. The basic-science foundations for this field
have been inspired by analogies with photonic quantum optics and have been named solid-state electron quantum
optics [6]. Exploring and extending the potential of electron quantum optics for quantum metrology has been the
goal of the European research project SEQUOIA (17FUN04), carried out within the European Metrology Programme
for Innovation and Research (EMPIR). The physical idea behind the project is to use the extreme sensitivity of
charged particles to their electromagnetic environment to design quantum sensors of the electromagnetic field and
to develop quantum metrology for single electrons. In this perspective, the SEQUOIA project sets out to extend
the range of experimental and theoretical methods, protocols and applications available for single-electron wave
packet technologies, spanning several orders of magnitude in energy, and also the exploring the potential of a new
material platform, graphene, in addition to the most researched so far GaAs semiconductor platform. Starting with a
fundamental connection of a single-electron quantum mechanics to electrical metrology (section I), and drawing from
the results of the project SEQUOIA, this white paper offers an extensive educational introduction to the concepts of
electron quantum optics, providing the theoretical tools needed to describe, characterize and harness the coherence
of single-electron wave packets (section II). This is followed by showcasing a collection of different technologies and
applications of single-electron wave packet quantum metrology (section III) and quantum sensing (section IV), all
developed within the project SEQUOIA, that demonstrate and inspire further use and uptake of single-electron
quantum optics techniques in quantum metrology and quantum technology.
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I. THE QUANTUM OF ELECTRICITY: SINGLE-ELECTRON PHYSICS IN ELECTRICAL
METROLOGY

Masaya Kataoka and Vyacheslavs Kashcheyevs

Electrical measurements are ubiquitous processes that are essential in our modern human life. One can make
a long list of examples such as smart meters monitoring your electrical usage at home, tyre pressure sensors on
your car, touch screen sensors on your smartphones, and so on. The development of new measurement methods
expanding measurement ranges (e.g. magnitude and frequency) and their usage scene (e.g. miniaturisation) have been
continuously improving the quality of our life. In exploring new technologies for advanced electrical measurement, it is
important to be aware that all electrical phenomena arise from the movement and interactions of individual elementary
charged particles, such as electrons. Developing single-electron transport technologies opens up new opportunities to
harness the fundamental physical phenomena for practical applications.

One example of such application is to establish a new traceability in electrical metrology. For electrical measurements
to be meaningful, the measured electrical quantities must be traceable to the definition of electrical units. Prior to
2019, the realisation of electrical units was based on conventional units, under international agreement adopted in
1990 [7], to use the Josephson effect [8] and quantum Hall effect [9] as primary quantum standards for the realisation of
volt and ohm. (With regard to the ampere, while it is one of the seven base units in SI, accurate quantum standards
based on single-electron transport have not been realised yet.) Primary standards were maintained by national
metrology/measurement institutes (NMIs) and electrical units were disseminated to end users through traceable
chains provided by calibration laboratories. Following the redefinition of SI units in 2019 [10], the ampere is now
defined in terms of the fixed value of elementary charge e. The volt and ohm are also defined in terms of the
fundamental constants e and h (Planck constant). While these changes have barely affected how electrical units are
currently realised by the Josephson and quantum-Hall experiments at NMIs, this new SI opens up new possibilities
in electrical metrology. Since the definition of electrical units is no longer tied to a particular realisation experiment,
we can envisage a creation of new types of primary standards as long as the new methods follow the definition of SI
units [11, 12]. These new primary standards do not necessarily have to sit within NMIs. The traceability chain can
start from anywhere in the world, or even from the space (e.g. on the satellite, on the Moon, or on Mars...). While the
existing primary standards, that require to be cooled down at least to a liquid helium temperature and require a large
magnetic field, may be impractical for such extreme applications, a new class of primary standards could be developed,
which may not achieve the ultimate accuracy of the existing standards, but offer relaxed operation requirements. For
example, a device (current/voltage/resistance standard) achieving the accuracy of 1 part in 105 may not be suitable
for use as a primary standard at an NMI, but if it can be operated at a relatively high temperature (e.g. 77 K), it
could be placed on a satellite providing in-situ calibration in order to prolong the lifetime of detectors [13].

In order to show the background behind this vision, in this section, we will describe the fundamental single-electron
transport that ultimately forms the basis of all electrical conductivity. We show that all three electrical units, volt,
ohm, and ampere, can be derived from this phenomenon without considering the intricate physics of Josephson and
quantum Hall effects. The following three equations link the current I, voltage V , and resistance R to clocked single-
electron transfer at frequency fs, Josephson effect under microwave radiation with frequency fJ, and quantum Hall
effect:

I = efs, (1)

V =
fJ

2e/h
, (2)

R =
h

e2
. (3)

This link is often called a quantum metrological triangle [14]. These three equations form the basis of present
electrical metrology and describe the operation of primary standards. In the following, we show that we can deduce
these equations (or their equivalent ones) without invoking the Josephson and quantum-Hall physics.

We consider a system of a conductor connecting two reservoirs as shown in Fig. 1(a) [15–19]. We do not fix the nature
of the conductor such as its dispersion relation, but we assume that there is a single mode in the transverse direction (y)
to the current flow in x direction (an example is one-dimensional conductor with only the lowest subband occupied).
We also ignore electron spin and assume that the conductor is a spin-less system. The left and right reservoirs are
biased by voltages V1 and V2, respectively (V1 < V2). The energy structure of this system in the x direction of is
illustrated in Fig. 1(b). The potential energy of the left contact is raised by −eV = −e(V1 − V2). We consider the
zero-temperature limit, and the left contact emits electrons within this energy window −eV . Now, since the energy is
merely the frequency scaled by the Planck constant, i.e. E = hf , we can redraw Fig. 1(b) in the frequency domain as
shown in Fig. 1(c) using fj = −eVj/h (j = 1 or 2). We write the wavefunction of the state at frequency f in the time
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FIG. 1. (a) One-dimensional perfect conductor connected to two reservoirs at potentials V1 and V2 (V2 > V1). (b) The excess
current arising from the unbalance of chemical potentials between the two reservoirs involves single electron states with energies
in the [−eV2,−eV1] interval. (c) It can be described in terms of a maximally compact train of Martin Landauer Shannon wave
packets with h∆f = e(V2 − V1) (see Fig. 2).

domain as ψf (t) ∝ e−i(2πft). We then consider one-electron wavefunction as a superposition of these states within
the bandwidth ∆f = f1 − f2 as

Ψ(t) =
1√
∆f

eiπ(f1+f2)t

∫ f1

f2

ψf (t) df, (4)

=
sin(π∆ft)

πt
√

∆f
. (5)

This wavefunction takes a form of Shannon-Martin-Landauer wave packet [21, 22] as shown by the solid line in
Fig. 2(a). We define a timescale τ as a minimal time such that a copy of the wave packet shifted by τ [dashed line in
Fig. 2(a)] is orthogonal to the original, i.e.

∫ +∞

−∞
Ψ∗(t)Ψ(t− τ)dt = 0⇒ τ = (∆f)−1 (6)

This state can be interpreted as an electron wave packet, emitted from the contact into the conductor, travelling in
the x direction and becoming orthogonal after the time duration τ . The Wigner function of Ψ(t) is defined as

W (f, t) =

∫ +∞

−∞
Ψ∗
(
t− δt

2

)
Ψ

(
t+

δt
2

)
e−2πifδtdδt =

sin[2π(∆f − 2|f |)]
πt∆f

(7)

Fig. 3 is a plot of this Wigner distribution function in terms of t∆f and 2πf/∆f . It shows that the Wigner function
is zero outside the energy band and that it decays in time beyond it. Oscillations ensure the orthogonality of two wave
packets that are translated by a multiple of τ = (∆f)−1. Note that

∫∫
W df dt =

∫∫
W 2 df dt = 1 which suggests to

associate each of these wavefunction to a rectangular cell of unit area in the frequency-time phase space, i.e. reflecting
the fact that ∆f · τ = 1 [see the grey-filled box in Fig. 2(b)]. The neighbouring state, shifted by τ , associated with the
dashed box in Fig. 2(b), corresponds to the orthogonal state Ψ(t−τ) introduced in Fig. 2(a). This fundamental process
forms a basis of electron transport, and can be called as the “quantum of electricity”. In the maximum occupancy
limit, this process is repeated at a rate of ∆f = 1/τ , and the electron wave packets Ψn(t) = Ψ(t − nτ), where n is
an integer, are emitted one by one periodically as shown in Fig. 2(d). In the frequency-time phase space, electrons
fill up the bandwidth of ∆f following the Pauli principle [Fig. 2(d)]. Mathematically, the quantum saturation of the
current within the voltage bias window is expressed by the identity satisfied by the Wigner representation (7) of the
Shannon-Martin-Landauer wavelets,

∑
nW (f, t− τ n) = 1 for f ∈ [−∆f/2,+∆f/2] and zero otherwise. As a result,

the current produced is I = e/τ = e∆f .
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FIG. 2. Cellular decomposition of the phase plane associated with Martin-Landauer-Shannon wave packets: (a) Two Martin
Landauer Shannon wave packets translated by τ = (∆f)−1 are orthogonal, (b) Each of these wave packets is associated with
a rectangle of unit area in the (f, t) plane (see also Fig. 3), (c) Visualization of the wavefunctions of many Martin Landauer
Shannon wave packets translated by τ = (∆f)−1, (d) Equivalent representation in the (t, f) plane.
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FIG. 3. (Figure reproduced from [20]) Wigner representation of a Shannon–Martin–Landauer wave packet. Note the typical
sinc2 current shape. The Wigner function spreads close to the boundaries of the energy window of width hf as a consequence
of the Heisenberg time/energy uncertainty relation. The marginal distributions correspond to the avertage time dependent
current and electron distribution function associated with this single electron wave packet.
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Now, rewriting ∆f as f and recalling that −eV = hf , we can produce three equations equivalent to Eqs. 1-3:

I = ef, (8)

V =
f

e/h
, (9)

R =
V

I
=

h

e2
. (10)

The only difference is an omission of a factor of 2 in Eq. 9 due to the difference in the type of carriers (electrons with
charge −e versus Cooper pairs with charge −2e). Note that we did not introduce the physics of Josephson effect or
quantum Hall effect in the derivation of Eqs. 8-10. What this shows is that the fundamental physics of single-electron
transport includes all necessary ingredients to realise the three electrical units from fundamental constants [15–19].
One can expect that the control and measurement of single-electron dynamics would provide fundamental tools in
electrical metrology. Furthermore, such a single-electron-based metrology tools could tap into the measurement ranges
(e.g. in terms of signal strength and bandwidth) that are not attainable by Josephson or quantum Hall systems.

One example of this is an exploitation of ultra-short electron wave packet [23]. When a short voltage pulse V (t) is
applied to a conductor (single-mode as in the one shown in Fig. 1), the number of charged particles excited depends
on the phase accumulated during the voltage pulse. The resulting excited charge becomes Q = Ne with an integer

N if the phase 2π eh
∫ +∞
−∞ V (t)dt is an integer N multiple of 2π [24–26]. This description can be expressed by the

following three equations:

Q = Ne, (11)
∫ +∞

−∞
V (t)dt = N

h

e
, (12)

∫ +∞
−∞ V (t)dt

Q
=

h

e2
. (13)

Above equations can be interpreted as an ac version of Eqs. 8-10. We can see that the link between the charge, the
integral of voltage pulse, and fundamental constants h and e is maintained in the ac domain. The state of the art
technologies can generate voltage pulses and single-electron wave packets as short as a few picoseconds. This gives a
scope for establishing SI tracability at such a fast timescale. Moreoever, these fast pulses/wave packets could be used
for sensing electromagnetic fields at fast timescales, using interferometry (such as in Mach-Zehnder geometry [27]).

This prospect calls for deep understanding of single-electron transport physics. Electron quantum optics is a tool
to study such physics, as well as providing methods for metrological and quantum-sensing applications.

II. THEORETICAL CONCEPTS OF ELECTRON QUANTUM OPTICS

Pascal Degiovanni, Benjamin Roussel and Vyacheslavs Kashcheyevs

Definition, characterization and exploitation of single-electron properties of electrical current calls for a consis-
tent theoretical framework that properly incorporates the basic notions of quantum many-body physics. We cannot
underestimate the extent to which it is necessary for theory to provide predictions and guidance for the design of
experimental implementations of single-electron devices. Our proposal for a coherent theoretical framework is moti-
vated by the knowledge that the sensing and quantum information processing capabilities that may be possible with
single electron technologies cannot be arrived at by experimentation alone. For example, the creation of elementary
excitations using voltage pulses alone is a sufficiently unexpected result that this could not have been anticipated
to arise without predictions based on the exact accumulation of the phase of electrons for pulses of a very specific
shape. The decoherence of quasiparticles in edge states via charge fractionalisation is a similarly subtle phenomenon,
one that is related to the fundamental physics of interactions the quantum Hall regime and of real relevance to the
limitations on coherent transport in practical single electron optics implementations.

The electrical current as a flow of individual electrons is conceptually similar to the the beam of light as a collection
of photons. Section II A captures this analogy rigorously and defines the core theoretical concept of electron quantum
optics — the notion electronic coherence (correlation) functions. The most relevant components of electron coherence
are classified in Section II B: (i) a uniform coherent flow, defined by a constant and sharp Fermi energy, forms a
background with respect to which electron and hole excitations can be created; (ii) these excitations contribute to the
excess first order coherence of electron, hole and electron-hole types; and (iii) intrinsic two-particle coherence, which
is crucial for HOM-based interferometry.
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The excess first order (single-electron/hole) coherence ∆G(e) stands out as the key quantity characterizing electronic
waves, and Section II C is devoted to different representations of ∆G(e). As function of two times, ∆G(e) describes
correlations in the quantum amplitude at a fixed reference cross-section of the conductor, as the electronic excitations
travel through. As function of two spatial coordinates, ∆G(e) captures spatial coherence at a frozen moment in time
and can be expressed in terms of real-space electron wavefunctions. Section II C explains equivalence between these
two pictures and introduces the Wigner representation for both. Wigner representation of excess coherence in time-
frequency domain, already sketched in Figs. 2 and 3 for the special case of Shannon-Martin-Landauer wave packet,
offers a visual generalization to the quantum domain of the intuitive notions of time-dependent current and voltage.
Interpreted in the language of spatial coherence, the same pictures relate quantitatively to the statistical distribution of
electrons as point particles in phase space (Wigner quasi-probability distribution) and the density matrix of quantum
statistical mechanics. These concepts, along with illustrative examples of electronic Wigner distributions are explained
in Section II C 1.

Unlike amplitude of an optical (bosonic) field, ∆G(e) is limited in magnitude by the Pauli principle which prohibits
occupation of the same spatio-temporal mode by more than one particle. (We have already sketched out in Section I
how this principle leads to the quantum electrical metrology relations). Hence decomposition of a general multi-
electron ∆G(e) into orthogonal modes or “atoms of signal” is an important instrument for representing electronic
coherence, as discussed in Section II C 2, which is based on the recently introduced perspective on electron quantum
optics as “quantum signal processing” [28, 29].

Having established the language of electron coherences and Wigner distributions to describe the quantum state of
electrical current, we examine in Section II D how this state is transformed as the electron wave packets propagate
through circuit elements. We focus first on interactions-free coherent propagation which can be described as linear
unitary transformation of electronic coherence, starting with free propagation and dispersion (Section II D 1), discuss
different representations of the general time-dependent single-particle scattering (Section II D 2), and the important
case of photoassisted propagation (Section II D 3). These theoretical instruments are then used in Section II D 4 to
discribe modulation of the Fermi sea by time-dependent voltages, and introduce an important class of single-electron
excitations: the quantized Lorentzian pulses or levitons.

In Section II E we use the formalism of electron quantum optics to describe the working principles of three quantum
devices: (i) electronic Mach-Zehnder interferometer; (ii) modulated energy-selective beamsplitter, and (iii) Hong-Ou-
Mandel two-particle interferometer. Section II E describes the idealized models of these devices in a unified way as
“quantum signals processors”: local time-dependent electrical and/or magnetic fields determine a coherent transfor-
mation of the single-electron wave packets such that the relevant information becomes accessible to a macroscopic
measurement.

We conclude the discussion of the theoretical framework by an overview of interaction effects in Section II F. First
we consider of capacitive interaction between two electronic wave packets and derive estimates for phase-sensitive
and single-shot interactions-based sensing in Section II F 1. This is followed by a brief review of interaction-induced
decoherence in the context of electron quantum optics in Section II F 2. Finally, we explain how considerations
of capacitive interaction naturally lead to the idea of using electronic interferometers for probing rapidly varying
electromagnetic fields, and briefly sketch open theoretical challenges in this direction in the concluding Section II F 3.

Again we emphasize that the creation of an expanding toolkit of measurement techniques (Section III) and delivery
of quantum-enabled sensing capability (Section IV) directly relies on our success in capturing the physics of elementary
excitations and properly formulating very fundamental question about the nature of electricity at its most ‘granular’
level.

A. How to describe a quantum coherent beam of electrons?

From a quantum technologies perspectives, on-demand single to few electron sources generate a quantum beam
of electricity with controlled many-body state, involving only one to few electronic or hole excitations on top of the
reference state. Depending on the experimental context, this reference state could be a Fermi sea at a given reference
chemical potential as in many experiments performed in edge channels of the integer quantum Hall effect [6] but it
could also an empty band of a depleted wave-guide as in experiments with on demand single electron excitations in
the meV range [30–32], or experiments conducted in depleted 1D quantum wires [3, 33–35].

Characterizing this many-body state is a difficult experimental problem and, whenever interactions play an im-
portant role, even theoretically, but an operational characterization via experimentally accessible correlators can be
envisioned. This approach is very similar to the one developed and promoted by Glauber in his pioneering work on
electron quantum optics [36–38].

Exactly as in photonic quantum optics, the idea is to describe a quantum electron beam through correlation
functions of elementary excitation creation and destruction operators. However, because electrons are fermions, the
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parity superselection rule applies and drastically reduces the number of correlators. This rule, originally formulated
in relativistic quantum field theory [39], which can indeed be derived from the no-signaling principle [40], states that
for fermions there is no quantum coherences between quantum states with an odd difference of the total fermion
number. In condensed matter, the BCS state involves quantum coherences between many-body states with electron
numbers differing by 2. In a metal, such quantum superpositions are even not allowed: there are no coherences
between many-body states of different fermion numbers.

As a consequence, the only non-vanishing correlation functions within a quantum electron beam are the Glauber
coherences of the form

G(Ne)(X1 · · ·XN |X ′1 · · ·X ′N ) = Tr
(
ψ(XN ) · · ·ψ(X1) ρψ†(X ′1) · · ·ψ†(X ′N )

)
(14)

in which Xk = (rk, tk) denotes space time coordinates within the circuit under consideration (same for the X ′k) and ρ
is the many-body density operator describing the state of the electron fluid. The N = 1 correlator is called the single
electron coherence. Single electron coherence contains the information about all single electron wavefunctions present
within the electron beam. Any single particle observable such as the electrical current and the heat current can be
computed from single electron coherence. The N = 2 correlator is called the two-electron coherence and contains
the information about all two-electron wavefunctions present in the electron fluid and gives access to all two-particle
observables such as current or charge fluctuations, as well as heat current fluctuations.

It should be noted that such correlators are familiar in condensed matter physics: the commonly used Green
functions [41] are defined as properly ordered two field correlators. For example, in the Schwinger-Keldysh for-

malism designed to deal with non-equilibrium physics [42], the correlator G
(+−)
ρ (X,X ′) = −i〈ψ(X)ψ†(X ′)〉ρ =

−iTr(ψ†(X ′) ρψ(X)) corresponds to the first order coherence for holes in our language. In standard approaches to
quantum transport [43], these Green functions are often interpreted as propagators, in terms of which theoretical tech-
niques of many-body physics such as diagrammatic expansions, equations-of-motion hierarchies, and path integrals,
can be applied. By contrast, in the approach presented here, we focus on these correlators as carriers of information
on the many-body state of the system. The point of view adopted here is indeed closer to quantum optics blended,
as we shall see, with the scattering approach of quantum transport developed by Markus Büttiker and his numerous
collaborators across decades [44].

So far, this discussion is very general and could be used to describe any quantum beam of fermions. For example,
Glauber himself, with Cahill had indeed introduced these notions at the end of last century in a somehow overlooked
paper, having in mind cold gases of fermionic atoms [45]. Beyond the case of fermionic cold atoms, the introduction
of electronic coherences is directly relevant for the emerging field of quantum electron microscopy, which exploits
coherent beams of electrons propagating in vacuum to improve electronic microscopy [46, 47]. However, in this white
paper, we will restrict ourselves to the study of quantum electrical currents which are quantum beams of electrons
within a conductor.

In contrast to what happens in an electron microscope with all the electron sources switched off, the electron fluid
in a usual metallic conductor is not in the true vaccuum state but, at zero temperature, in a reference vacuum state,
which is a Fermi sea |Fµ〉 at a given chemical potential as long as strong correlations such as the one present in the
fractional quantum Hall effect are not present. Switching the current sources “on” introduces excitations on top of this
Fermi sea which involve electronic or hole single particle excitations, depending on their energies with respect to the
Fermi energy. This is the typical situation encountered within quantum Hall edge channels: at low temperature and
high enough magnetic field, a 2DEG becomes a bulk-insulator and conduction happens at the edges which then play
the role of 1D conductors with ν conduction channels, where ν ∈ N∗ denotes the filling fraction of the corresponding
integer quantum Hall phase. Because the energy of excitations with respect to the Fermi level is typically of the order
of µeV in these experiments (see [6, 48] for a review), only one to two orders of magnitude above from kBTel where
Tel ' 10 to 100 mK, these situations are often referred as low energy electron quantum optics.

However, electron quantum optics experiments have also been performed with on-demand injection of electron into
otherwise empty edge states of a 2DEG with the Fermi sea far removed in energy and/or real space away from the
ballistic wave packet [30, 32, 49, 50]. In this case, the electrical current is much more similar to the electron beam
of an electronic microscope: electrons are only present when the source is switched “on”. In these experiments, the
electronic excitations are propagating alone, without the Fermi sea, and are therefore called “solitary excitations”.
In some part of the sample, the electronic system is not fully depleted but electronic excitations are propagating at a
much higher energy (typically tens of meV) from the Fermi level than in “low energy” quantum optics experiments.
This is the domain of high energy electron quantum optics experiments.
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B. Electronic coherences

1. Single and two electron coherences of Slater determinants

To begin with, let us consider the case where the reference state is the vacuum state |∅〉. We consider that an
N -electron Slater determinant has been introduced in the system at time t = 0, based on N mutually orthogonal1

normalized wave packets ϕ1, · · · , ϕN :

|ΨN 〉 =

N∏

k=1

ψ†[ϕk] |∅〉 . (15)

Denoting by G(e)
|ΨN 〉,t=0(x|y) the equal time single electron coherence taken at t = 0, a straightforward computation

leads to:

G(e)
|ΨN 〉,t=0(x, x′) =

N∑

k=0

ϕk(x)ϕk(x′)∗ (16)

The single electron coherence therefore appears as the sum of the contributions of each of the individual electronic
wavefunction involved in the state |ΨN 〉. Each wavefunction ϕk contributes by ϕk(x)ϕk(x′)∗, thereby showing that
information on the phase of the wavefunction ϕk(x) is present for x 6= x′.

It is interesting to use this to compute the single electron coherence within a Dirac sea corresponding to an infinite
filling of single electron plane wave ϕk(x) = eikx along a line from k = −∞ to k = kF . A similar computation leads
to the following expression:

G(e)
F,t=0(x, x′) =

1

2π

eikF (x−x′)

x′ − x+ i0+
. (17)

The same quantity can also be computed for the equilibrium state of these fermions, at a chemical potential kF (µ)
dependent on the chemical potential µ and electronic temperature Tel:

G(e)
µ,Tel,t=0(x, x′) =

1

2πlth(Tel)

eikF (µ)(x−x′)

sinh
(

x′−x
lth(Tel)

+ i0+
) . (18)

which now reveals the thermal coherence length lth(Tel) = ~vF /kBTel of the electrons at non-zero temperature Tel. The
1/Tel dependence of this coherence length can be traced back to the linear dispersion relation of the fermions close to
the Fermi point. By contrast, when considering non-relativistic particles with dispersion relation E(k) = ~2k2/2m at
vanishing chemical potential, the corresponding coherence length would exhibit the scaling of the De Broglie thermal
length ldB(Tel) = h/

√
2πmkBTel.

2. Single and two electron coherences the presence of a Fermi sea

Let us now turn to the case of usual metallic conductors in which excitations are present within the electron fluid
on top of this reference vaccum state |Fµ〉. These corresponds to the excitations emitted by the electron sources
present in the circuit when they are switched on at zero temperature. As of now, only first order electronic coherence
has been measured within a quantum conductor [32, 51, 52] and only second order electronic coherence seems to be
within reach of experimental characterization [53], we will therefore focus the discussion on these quantities with a
stronger emphasis on single electron coherence.

At the single particle level, the appropriate notion that contains information on the single particle excitations is
the excess single electron coherence ∆0G(e)(X1|X ′1) defined by

G(e)
ρ = G(e)

|Fµ〉 + ∆0G(e)
ρ (19)

1 This condition is indeed quite generic: because of the fermionic statistics, any Slater determinant can be seen as built from mutually
orthogonal wave packets.
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Before moving to the discussion of simple examples, let us make the kinematic framework more specific. Within
quantum conductors and circuits, we are usually interested in local observable measured at a given spatial position,
such as for example current correlators. It is therefore common to fix the position x within the conductor or circuit
and consider the electronic coherence at this position but at various times. We thereby introduce the “local” single

electron coherence G(e)
ρ,x(t, t′) = G(e)

ρ ((x, t)|(x, t′)). Sometimes, the spin degree of freedom or some orbital degrees of
freedom, corresponding for example to different edge channels in quantum Hall systems, are present and must be taken
into account, upgrading the local single electron coherence to a (t, t′)-dependent single electron coherence matrix. The

local single electron coherence G(e)
ρ,x, or its excess, can be viewed as the single particle “quantum signal” accessible at

position x.

Within a 1D chiral system, relating G(e)
ρ,x+∆x(t, t′) to G(e)

ρ,x(t, t′) corresponds to computing the evolution of single-
electron coherence during propagation along the chiral channel under consideration. This is a dynamical problem that
will be discussed in a forthcoming section. However, it has a trivial expression in the case of ballistic propagation at
velocity vF :

G(e)
ρ,x+∆x(t, t′) = G(e)

ρ,x(t−∆x/vF , t
′ −∆x/vF ) (20)

which corresponds to delaying G(e)
ρ,x by the time of flight ∆x/vF .

Several important examples in the context of electron quantum optics can be discussed which involve single electron
and single hole excitations on top of the Fermi sea.

• One single electron excitation on top of the Fermi sea with wavefunction ϕe: the many body state is ψ†[ϕe] |F 〉 in
which ψ†[ϕe] creates a single electron excitation in the normalized single particle state |ϕe〉. Such a state would
be generated by an ideal single electron source operated one time only. The excess single electron coherence is
then:

∆G(e)(t, t′) = ϕe(−vF t)ϕe(−vF t′)∗ (21)

• One single hole excitation on top of the Fermi sea with wavefunction ϕh: the many body state is ψ[ϕh] |F 〉 in
which ψ[ϕh] destroys a single electron excitation in the normalized single particle state |ϕh〉. Such a state would
be generated by an ideal single hole source operated one time only. The excess single electron coherence is then:

∆G(e)(t, t′) = −ϕh(−vF t)ϕh(−vF t′)∗ (22)

where the minus sign comes from the removal of one electron with from the Fermi sea.

• A single electron hole pair, obtained by transfering a single electron from the hole single particle state ϕh to the
electronic single particle state ϕe corresponds to the the many-body state ψ†[ϕe]ψ[ϕh] |F 〉. This state would
ideally be generated during one period by an ideal AC source emitting exactly one electronic and one hole
excitation per period. It has an excess single electron coherence given by

∆G(e)(t, t′) = ϕe(−vF t)ϕe(−vF t′)∗ − ϕh(−vF t)ϕh(−vF t′)∗ (23)

Finally it is possible to generate a quantum superposition involving a pristine Fermi sea and the state that we
have just considered, thereby leading to

|Ψ〉 =
(
u+ vψ†[ϕe]ψ[ϕh]

)
|F 〉 (24)

in which |u|2 + |v|2 = 1. Then, the corresponding excess single electron coherence is

∆G(e)(t, t′) = |v|2 (ϕe(−vF t)ϕe(−vF t′)∗ − ϕh(−vF t)ϕh(−vF t′)∗) (25a)

+ uv∗ϕe(−vF t)ϕh(−vF t′)∗ + u∗vϕh(−vF t)ϕe(−vF t′)∗ (25b)

The second line in the r.h.s which involves products of ϕe and ϕ∗h or its complex conjugate arises from the
coherent superposition between the presence and the absence of the electron-hole pair. These terms correspond
to electron-hole coherences and play an important role in the discussion of HOM interferometry experiments.

Of course, in experiments, electron sources are rarely ideal. Due to difficulties in tuning their parameters, finite
temperature effects, as well as interactions in some setups, the idealized forms we have just discussed do not correspond
to the general form of the excess single electron coherence.
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At the two-electron level, the situation starts to become more involved because a two-electron detection event can
be viewed as arising from several physical processes [53]. More specifically, both detected electrons can be seen as
coming from the Fermi sea, or one from the Fermi sea and one from the electron sources. But we also have to take
into accounts two-electron interferences involving the Fermi sea and the electronic excitations emitted by the electron
source. In the end, what remains when all these processes are taken out is the intrinsic two-electron coherence, that
contains the information on the two-electron excitations emitted by the sources. This leads to the following definition
of the intrinsic two-electron coherence [53]:

G(2e)
ρ (1, 2|1′, 2′) =G(2e)

F (1, 2|1′, 2′) (26a)

+G(e)
F (1|1′) ∆G(e)

ρ (2|2′) + G(e)
F (2|2′) ∆G(e)

ρ (1|1′) (26b)

−G(e)
F (1|2′) ∆G(e)

ρ (2|1′)− G(e)
F (2|1′) ∆G(e)

ρ (1|2′) (26c)

+ ∆G(2e)
ρ (1, 2|1′, 2′) . (26d)

in which a compact notation for space and time coordinated has been used. Note the presence of the − sign in Eq.
(26c) which is associated with the fermionic statistics of electrons.

As expected, the intrinsic second order coherence vanishes for a state involving a single electron excitation on top of
the Fermi sea ψ†[ϕe] |Fµ〉 or a single hole excitation ψ[ϕh] |Fµ〉. The situation becomes more interesting when a source
introduces two electronic excitations into two mutually orthogonal electronic states ϕ1 and ϕ2. Then, considering
|Ψ12〉 = ψ†[ϕ2]ψ†[ϕ1] |F 〉, we have [53]:

∆G(e)(t, t′) = ϕ1(−vF t)ϕ1(−vF t′)∗ + ϕ1(−vF t)ϕ1(−vF t′)∗ (27a)

∆G(2e)(t1, t2|t′1, t′2) = Sl[ϕ1, ϕ2](t1, t2) Sl[ϕ1, ϕ2](t′1, t
′
2)∗ (27b)

in which

Sl[ϕ1, ϕ2](t1, t2) = ϕ1(−vF t1)ϕ2(−vF t2)− ϕ1(−vF t2)ϕ2(−vF t1) (28)

denotes the (unnormalized) Slater determinant2 built from the two single particle states ϕ1,2.
More generally, any excitation involving two single particle states will lead to a contribution to the intrinsic two-

electron coherence. As explained in Ref. [53], the intrinsic two-electron coherence of a Slater determinant built
from N > 2 mutually orthogonal single electron wave packets of the form (15) involves all the contributions from
two-electron states present3:

∆G(2e)(1, 2|1′2′) =
∑

pairs {i,j}

Sl[ϕi, ϕj ](1, 2) Sl[ϕi, ϕj ](1
′, 2′)∗ (29)

which is the direct generalization of Eq. (16). Exactly as for the single electron expression, this formula only involves
diagonal contributions, that is a sum of two-particle wave packets contributions Ψi,j ×Ψ∗i,j : there are no two-electron
coherences between different two particle wave packets exactly as in Eq. (16), there are no single electron coherences
between two different single particle wave-functions.

In order to obtain such contributions, one has to generate coherent superpositions of two different two-particle
excitations which is, for example, the case in the following linear combination of two distinct two-electron excitations
on top of the Fermi sea4:

1√
2

(
ψ†[ϕa]ψ†[ϕb] + ψ†[ϕc]ψ

†[ϕd]
)
|F 〉 . (30)

In this case, the intrinsic excess two-electron coherence will involve coherences between the two different two-particle
states: the one built on ϕa and ϕb and the one built on ϕc and ϕd. Such a state therefore has the potential for
exhibiting intrinsic excess two-particle coherence which does not arises from single particle coherence. As will be clear
from the forthcoming discussion of electron dynamics in Section II D, generating such states is not so easy: single
particle scattering processes turn Slater determinants such as the Fermi sea into other Slater determinants and never

2 The Slater determinant is usually defined with a 1/
√
N ! normalization prefactor which is not present here. This prefactor is needed

when one works on the full symmetrized configuration space for the N particle wavefunctions. Whenever one works on the quotient
space by the action of the permutation group SN , it is not needed.

3 There are N(N − 1)/2 possibilities.
4 Exactly as before the four single electron wave packets ϕi for i ∈ {a, b, c, d} are assumed to be mutually orthogonal.
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FIG. 4. Frequency domain quadrants for single-electron coherence: depending on the signs of (ω, ω′), we are considering

the physical interpretation of G̃(e)(ω|ω′). The electronic quadrant (in red) defined by both ω = ω + Ω/2 and ω′ = ω − Ω/2
positive gives information about electronic excitations. The hole quadrant (in blue) defined by both ω and ω′ being negative
gives information about hole excitations. The two off-diagonal quadrants (ωω′ < 0, light grey) contain information about
electron-hole coherences.

into the sum of two such many-body states that differ exactly by two single particle states. In particular, as will be
discussed later, applying a classical drive to a electronic reservoir generates a complicated Slater determinant which,
therefore, does not lead to deeply off-diagonal two electron coherences.

Whereas single electron coherence was related to averages of single particle quantities such as the time dependent
average current or the electron distribution function, two electron coherence is related to two particles quantities such
as electronic or charge density fluctuations or current fluctuations. This fact has indeed been known since a long
time: computing the particle number fluctuations in an ideal Bose gas, Einstein noticed that besides the classically
expected Poissonian contribution, these fluctuations were enhanced by a term related to the single particle coherence
[54]. On the other hand, the fermionic statistics is expected to decrease fluctuations as is well known in dc transport
by the suppression of the current shot noise [55, 56]. In electron quantum optics, the general relation between current
fluctuations and single and two-particle excess coherences has been derived in Ref. [28].

C. Representations of single electron coherence

Because it contains information on all the single electron excitations, the (excess) single electron coherence is much
richer than a single particle wavefunction. It is therefore important to have a way to visualize its physical content
beyond its mere definition.

In the time domain, its diagonal gives a direct access to the average time dependent current,

〈i(x, t)〉ρ = −evF ∆G(e)
ρ,x(t, t) , (31)

but the off-diagonal values G(e)(t, t′) for t 6= t′ are complex and not easily interpreted beyond the fact that its
spreading as a function of t − t′ informs us on the electronic coherence time. In the frequency domain, its double-
Fourrier transform

G̃(e)(ω, ω′) =

∫

R2

G(e)(t, t′) ei(ωt−ω
′t′)dtdt′ (32)

gives access to the nature of excitations depending on the signs of ω and ω′ according to the partition of the (ω, ω′) plane
into four quadrants depicted on Fig. 4. A non-zero contribution to ∆0G(e) in the electron (resp. hole) quadrant denotes
the presence of electron (resp. hole) excitations, whereas a non-vanishing contribution in the off-diagonal quadrants

denotes the presence of non-vanishing electron/hole coherences. Beyond these obvious considerations, G̃(e)(ω, ω′) for
ω 6= ω′ is generically complex valued and does not have an obvious physically transparent interpretation.

These considerations emphasize the need for physically more transparent representations of single electron coherence.
As of now, two of them have been unravelled: the first one, discussed in the next paragraph, is the electronic Wigner
distribution function [57], a time/frequency version of the Wigner function introduced by Wigner [58] in the early
days of quantum theory or, equivalently, a quantum version of the Ville transform introduced in signal processing [59]
which captures both the real time and energetic aspects of G(e). The second one is a discrete one that gives access to
the individual single particle wavefunction present within the electron fluid.
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1. Time-frequency representation: the Wigner function

The electronic Wigner distribution function5

W (e)
ρ,x(t, ω) =

∫

R
vFG(e)

ρ,x

(
t+

τ

2
, t− τ

2

)
eiωτdτ (33)

introduced in Ref. [57] is real and gives access to both time-dependence and energy content at the single particle level.
In particular, the average time dependent electric current, the electronic occupation numbers and even the average
instantaneous excess energy current 〈jE(x, t)〉ρ can be related to the excess Wigner distribution function which is

defined in the same way from the excess single electron coherence ∆G(e)
ρ,x:

〈i(x, t)〉ρ = −e
∫

R
∆W (e)

ρ,x(t, ω)dω (34a)

〈jE(x, t)〉ρ = ~
∫

R
ω∆W (e)

ρ,x(t, ω)dω (34b)

fe(ω) = lim
T→+∞

[
1

T

∫ T/2

−T/2
W (e)
ρ,x(t, ω) dt

]
. (34c)

The Wigner distribution W
(e)
ρ,x(t, ω) represents the local first-order correlation function that encodes coherence in

time. Similarly, we can characterize coherence in space by introducing the electronic Wigner distribution function at
a fixed time,

W
(e)
ρ,t (x, k) =

∫

R
G(e)
ρ

(
x+

y

2
, t
∣∣∣x− y

2
, t
)
e−ikydy (35)

Here k is introduced as the Fourier conjugate of x. As discussed at the introduction of Eq. (20), single-mode chiral
propagation establishes one-to-one correspondence between time (frequency) and coordinate (momentum). Hence in

1D, p = ~k is the momentum canonically conjugate to x, and W
(e)
ρ,t (x, p/~) becomes the Wigner representation of

the reduced single-particle density operator ρ̂, as defined by the N = 1 trace (see Eq. (14)) of the full many-body
density operator ρ evolved to time t1 = t. Furthermore, for negligible dispersion Eq. (20) connects the two pictures
(time-trace at a fixed site versus snapshot of space at at fixed time), and one has

W (e)
ρ,x(t, ω) = W

(e)
ρ,t (x, k) , (36)

if one aligns the reference points in space and time, x = −vF t, and uses the linear dispersion relation ω = vF k.
For a single point particle in 1D, the full and reduced density operators are equivalent for an isolated electron, as

are the full and the excess coherences. Consequently, the Wigner distribution function W
(e)
ρ,t (x, p/~) gives a complete

kinematic description of the state as a Wigner–Weyl transform of the density operator ρ̂. This observation connects
to the well-known phase-space formulation of quantum mechanics due to Groenewold and Moyal, extending the
pioneering ideas of Wigner and Weyl [60]. A pedagogical introduction to the Wigner function and the Weyl transform

has been given by Case [61]. In this picture ρ(x, p) = (2π~)−1W
(e)
ρ,t (x, p/~) can be interpreted as a quasi-probability

density in two-dimensional phase space, such that a marginal density of ρ(x, p) gives the probability density for
the corresponding observable. This property of the phase-space Wigner distribution is the basis for a quantum
interpretation [62] of the tomography protocol demonstrated in [32] and described in Section III A 4.

It is important to distinguish the electronic Wigner function from the Wigner function used in quantum optics for
description of coherences of a single electromagnetic mode at different orders. In photon quantum optics, Wigner
representation is usually used for conjugate continuous variables (so called optical quadratures) governing a single
harmonic oscillator corresponding to the relevant spatio-temporal mode of the quantum electromagnetic field. The
quantum optical Wigner function of optical quadratures characterizes arbitrarily high order Glauber coherences of this
electromagnetic mode and thus is fundamentally different from the Wigner representation of the conjugate variables
x and p describing 1D spatial propagation.

In systems with electron-hole symmetry, such as the dispersionless chiral fermion description of Quantum Hall edge
channels, the electronic Wigner distribution can be related to the hole Wigner distribution function W (h) which is

defined from the hole coherence by Eq. (33): W
(e)
ρ,x(t, ω) = 1−W (h)

ρ,x (t,−ω).

5 The vF prefactor ensures that W (e)(t, ω) is dimensionless.
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Before discussing the notion of electronic atoms of signal, it is useful to discuss a few examples of the various
representations of the single electron coherence associated with simple single electron excitations. Let us consider
for example the case of the single electron excitation emitted by the emptying of a single resonant level with energy
~ωe above the Fermi energy into a chiral edge channel. This leads to an electronic wavefunction with truncated
Wigner-Weisskopf spectral shape, that is a truncated Lorentzian wave-function in the frequency domain,

ϕ̃e(ω) =

√
vF γe
N

H(ω)

ω − ωe + iγe/2
, (37)

in which γe denotes the excitations’ natural width, H(ω) the Heaviside function and N is a normalization factor.
The resulting frequency and time domain representations as well as the electronic Wigner distribution function are
depicted in Fig. 5.
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FIG. 5. Representations of the coherence (figure extracted from [20]). Here are depicted three representations of the single
electron coherence of a typical wave packet emitted by the mesoscopic capacitor in the single-electron source regime. On the
left, we have the modulus of the energy representation of the single-electron coherence ϕe(t)ϕe(t′)∗ which is only non-vanishing
in the electron quadrant as expected. On the right, we have the modulus of the time representation. We can see that the
average current is an exponential decay. On the middle, we have plotted the electronic Wigner distribution function which is
real and contains both positive and negative values. We can see both the energy dependence of the excitation (which populates
only positive energies) and its time dependence (which is an exponential decay).

Let us now turn to lorentzian current pulses carrying a charge −ne. The n = 1 case corresponds to the Leviton
source [23] which at zero temperature involves a single electron excitation on top of the Fermi sea. The n > 1
lorentzian pulse is a Slater determinants obtained from n mutually orthogonal excitations on top of the Fermi sea
[23]. Fig. 6 depicts the excess electronic Wigner distribution function of the single particle wavefunctions present
within Lorentzian pulses carrying an integer charge −ne for n = 1 to n = 4: the q = −e pulse involves the first one,
the q = −2e pulse involves the two first single electron states, the q = −3e the n = 1 to n = 3 and so forth. Note
that these single particle wavefunctions have the same average current but have different energy distributions. Note
that for n ≥ 2, their Wigner functions exhibit negativities close to t ' 0.

From the single particle point of view, a Slater determinant built from n-electron excitations appears as an incoherent
mixture of the single particle states building it (see Eq. (16)). This leads to the excess Wigner functions depicted
on Fig. 7 which describe the full single particle content of Lorentzian pulses carrying an integer multiple of the
elementary charge −e.

By contrast, introducing a coherent superposition of various single particle state leads to interference terms in the
Wigner function. Let |ψ〉 = 1√

2

(
|ϕ1〉+ eiϑ |ϕ2〉

)
be such a coherent superposition built from two mutually single

particle states |ϕ1,2〉, then we have:

W
(e)
|ψ〉(t, ω) =

1

2

(
W

(e)
|ϕ1〉(t, ω) +W

(e)
|ϕ2〉(t, ω)

)
(38a)

+ <
[
eiϑvF

∫

R
ϕ1

(
t− τ

2

)∗
ϕ2

(
t+

τ

2

)
eiωτdτ

]
(38b)

The second line is the term associated with quantum interferences between the two single particle states |ϕ1〉 and |ϕ2〉.
It also appears in classical signal processing when considering a classical signal X(t) which is the sum of two classical
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FIG. 6. (Figure reproduced from [20]) Wigner representation of the single-electron wavefunctions building the n-Leviton
excitations up to n = 4.
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FIG. 7. Excess Wigner function for the n-Leviton excitations up to n = 4. Note that ∆W (e)(t = 0, ω) exhibits n maximas
which arise from the addition of the contributions of the n individual single particle states depitected on 6: each of them adds
one more spot with negativities close to t ' 0 at higher values of ω.

signals X1,2(t). If we consider two single particle states that are related by a time translation, or by a frequency

translation, the two contributions W
(e)
|ϕ1,2〉(t, ω) appear as two distinct “blobs” in the (t, ω) planes. The interference

contribution appears as a ghost image involving fringes – and therefore negativities – located at the barycenter of
the two previously mentioned blob. The interferences fringes oscillate over a scale that is inversely proportional to
the separation between |ϕ1〉 and |ϕ2〉 and they occur in the direction perpendicular to the direction of separation of
the two contributions. More specifically: when ϕ1 and ϕ2 are separated by a time translation, the oscillations occur
as a function of energy, thereby leading to fringes in the electronic distribution functions that are the analogous of
the channeled spectrum observed in optical interferometers illuminated by white light [57]. On the other hand, when
the two states are translated in energy, then the oscillations occur as a function of time and are visible on the time
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Band theory [63, 64] Floquet-Bloch analysis [29]

Spatial period Time period
Single particle Hamiltonian Single electron coherence

Band energy εa(k) Floquet-Bloch probabilty spectrum ga(ν)
Quasi-momentum k Quasi-energy ν

Wannier function wa,l(x) Atom of signal ϕk,l(t)

TABLE I. Analogy between solid state band theory and signal processing of the excess single-electron coherence described in
[29]: the spatial period of the crystal is replaced by the time period T = f−1 of the electron source. Instead of diagonalizing
a single particle Hamiltonian and spatial translations, one diagonalizes the projections of the single particle excess coherence
operator in the electron and hole subspaces and time translation, thereby obtaining Floquet-Bloch bands. Eigenvalues are
probabilities instead of energies and depend on a quasi-energy 0 ≤ ν ≤ 2πf instead of a quasi-momentum. The electronic
atoms of signal play the same role as the Wannier functions in band theory and are therefore subject to the same ambiguities
[65].

dependent average current.

2. A discrete representation: electronic atoms of signal

As discussed in Section II B 2, the single-electron excess coherence carries the information about all single particle
excitations present above the reference Fermi sea. As such, it may be a bit complicated to interpret it as soon as there
are more than one electronic or one hole excitation present. In particular, electron/hole coherences lead to complex
interference patterns on the excess electronic distribution function which are not very suitable for quantifying the
amount of electron-hole coherence.

However, for T -periodic sources, a general decomposition can be found which appears as a natural generalization of
the expressions [29] discussed in Section II B 2. This expression consists of a representation of single-electron coherence
in terms of what are called electronic and hole atoms of signals [28]. These atoms of signal are electronic and hole
single particle states that form orthonormal bases of the space of electronic and hole single particle excitations which
are covariant with respect to translation by the period T . More specifically, these states fall into families indexed by
a, |ϕa,l〉, with l ∈ Z, where the l index corresponds to a period of duration T so that translating |ϕa,l〉 by T in the
time domain leads to |ϕa,l+1〉. Then, as proved in [29], the most general form of the excess single electron coherence
is given by

∆G(e)(t, t′) =
∑

l,l′

∑

a

g(e)
a (l − l′)ϕ(e)

a,l (t)ϕ
(e)
a,l′(t

′)∗ −
∑

l,l′

∑

b

g
(h)
b (l − l′)ϕ(h)

b,l (t)ϕ
(h)
b,l′(t

′)∗ (39a)

+
∑

l,l′

∑

a,b

(
g

(eh)
a,b (l, l′)ϕ

(e)
a,l (t)ϕ

(h)
b,l′(t

′)∗ + g
(he)
b,a (l, l′)ϕ

(h)
b,l (t)ϕ

(e)
a,l′(t

′)∗
)
, (39b)

in which we have both electronic atoms of signals (the ϕ
(e)
a,l ) and hole atoms of signal (the ϕ

(h)
b,l ). In these expressions,

the real number g
(e)
a (0) and g

(h)
b (0) respectively represent the emission probabilities per period for the electronic atom

of signal ϕ
(e)
a,l and hole atom of signal ϕ

(h)
b,l . Note the − sign in front of the hole contribution which expresses the fact

that a hole is always the absence of an electron.
There are no coherences between the different families (a 6= a′) of electronic atoms of signal as well as between

the different families (b 6= b′) of hole atoms of signal but there may be electron-hole coherences: g
(eh)
ab (l, l′) may be

non-zero. In the same way, electronic atoms of signals may be correlated from one period to the other: g
(ee)
aa (l, l′)

maybe non-vanishing even for l 6= l′, thereby reflecting the possibility of an electronic coherence time larger than the
time-period T . Therefore, the use of electronic atoms of signal provides a discrete representation of single electron
coherence which makes it easier to distinguish what are the single electron excitations emitted by an electron source
from how they are emitted. This is the exact analogous, in the quantum domain, of describing music in terms of
musical notes and of the music score (see Fig. 8).

One should nevertheless keep in mind that the electronic atoms of signals are not unique, as expected by the analogy
with the Wannier functions [66] in band theory (Table I summarizes the analogy between the two approaches). In band
theory, Wannier functions are not unique because Bloch-functions, which are common eigenvectors of the electrons
and of translation operators associated with the crystal’s spatial periodicity, may be redefined at least generically by
a phase. Consequently, Wannier functions have an intrinsic ambiguity, that is usually lifted by imposing an extra
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2

POPULAR SUMMARY

Quantum mechanics and the associated interference e↵ects govern the laws of electricity of small conductors at low
temperatures. It is responsible for their unusual properties such as deviations from the standard law of impedance
composition. As spectacular as these e↵ects may be, this image of electronic transport is still very close to the classical
description of wave optics that had emerged from the 19th century.

Nevertheless, quantum electronics has recently entered a new era that cannot be grasped by any classical wave
equation paradigm. Recently developped fast electron emitters generate quantum electrical currents carrying one to
few elementary excitations per period, thereby bringing electronics closer to the paradigm of quantum optics which
aims at manipulating single to few photon states of the quantum electromagnetic field. In electron quantum optics,
several tomography protocols have recently been demonstrated, probing the single particle content of time-dependent
quantum electrical currents. These breakthroughs o↵er new possibilities such as encoding classical or quantum
information with electrons, engineering quantum circuits to simulate complex many-body problems and probing them
with single to few particle excitations or, developing electronic sensors exploiting the extreme sensitivity of quantum
electrical currents to the electromagnetic field. However, despite rapid progress, this field still lacks a tool box for
processing, analyzing and representing the quantum information embedded in quantum electrical currents.

In this paper, we present a general algorithm for extracting the single particle wavefunctions present within a time-
periodic quantum electrical current, their emission probabilities and mutual coherences and apply it to the analysis
of several electron sources. This work establishes the grounds for the development of signal processing of quantum
electrical currents, directly at the level of electronic wavefunctions, a key step in the development of electron-based
quantum technologies.

Input
channel

Probe
channel

Vg

Vp Tomographic
reconstruction

!! !!"# p
! !!!

=

! " =

! " =

FIG. 1. Schematic of the process for extracting the single particle content from a quantum electrical current. Left part:
the Hong–Ou–Mandel interferometer uses two-particle interferences to encode the overlap between the injected single electron
coherences into the measurable signal (outgoing current noise). Middle part: the single electron coherence is reconstructed
from current noise measurements using the electronic version of protocols used in quantum optics. Right part: the result
of the tomographic reconstruction, depicted here using a time/frequency representation of the signal, is processed by the
algorithm described in the present paper to obtain a description of single electron coherence in terms of electronic atoms of
signal (analogues to musical notes) arranged according to a “quantum coherence score” (analogue of the music score).

FIG. 8. Schematic representation of the decomposition of the excess electronic coherence ∆W (e)(t, ω) in electron and hole atoms
of signals (case of a low amplitude sinusoidal drive). The atoms of signal play the role of musical notes and the coherences
appearing in Eq. (39) provide the analogous of the music score.

condition such as minimal spreading in space. In the present situation, the situation is the same: the atoms of signals
may be chosen as having a minimal spreading in time. The reader is referred to Ref. [29] for the corresponding details.

Such a decomposition has also been derived within the framework of time dependent single particle scattering
theory in Ref. [67] but the result is indeed much more general since it only relies on time periodicity and the general
properties of single electron coherence. Although we have discussed it in the presence of a Fermi sea, the same ideas
have been used in the solitary electron approximation [32], in which case only electronic atoms of signals are present.

D. Dynamics of coherent electrons

Let us now turn to the dynamics of coherent electrons within quantum conductors envisioned for electron quantum
optics experiments. To understand the difference between photon and electron quantum optics, one has to realize
that with photons non-linearities are notoriously hard to achieve whereas for electrons Coulomb interactions brings
them to the center of the stage. As we shall see, this can be viewed as a weakness or a strength of electron quantum
optics, depending on the point of view.

The role of Coulomb interactions in time-dependent electrical quantum transport has been emphasized by Büttiker6.
He noticed that single electron scattering, which proved to be so fruitful when discussing dc transport properties
[18, 19, 71], had to be amended in order to deal with time-dependent situation [72]. In particular, he pioneered a
mean-field approach to the problem [73], arguing that in the presence of a time dependent current the electrons would
perceive a modified time dependent electric potential arising from the corresponding modification of charge density.
This approach has been extremely fruitful [74, 75] leading to many experimental confirmations, some of them directly
relevant for electronic sources used in electron quantum optics [76–79].

However, we should not expect such an approach to work in all situations: in electron quantum optics, the electrical
current associated with one to few electron (and possibly hole) excitations may lead to a quantum fluctuating potential
which cannot be described as a classical time dependent potential. Büttiker’s self consistent mean field approach is
thus expected to fail and a full fledge quantum treatment of single electron decoherence [80] is needed. This is also the
case when considering dynamical Coulomb blockade [81–83] in which the electrons passing through a conductor see a
quantum environment whose properties depend on the full circuit in which the conductor is embedded. Here again, a
careful treatment is needed in order to ensure that the proper fluctuations of the potential within the conductor are
accounted for, as for example, in Ref. [84].

In this review, we will thus present the most commonly used approaches to the dynamics of electrons used to
describe electron quantum optics experiments, starting from the simplest ones and elaborating forward towards more
sophisticated ones. For this reason, we will start by considering that non-linearities could be neglected, which turns
out to be not such a bad approximation in a number of experimentally relevant situations. This will enable us to
understand electronic interferometry as transformation performed in the electronic quantum coherences which are the
quantum signal of interest in the field. Then, discussing the effect of a simple electron-electron Coulomb interaction
will show us how relevant electron quantum optics is for fast and sensitive detection of local electromagnetic fields.

6 The role of strong electronic correlations was recognized much before even in d.c. transport, for example, in the Kondo problem or in
Luttinger liquids. Büttiker’s contribution was to recognize it even in ordinary quantum conductors in which the Fermi liquid paradigm
is not invalidated by the appearance of strong electronic correlations. Attempts at connecting the scattering formalism for quantum
transport to the more standard methods of many-body physics even in the presence of interactions are contemporary from Büttiker et
al works: see Ref. [68–70] for example.
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1. Free electronic propagation

The case of free chiral dispersionless fermions7 has already been discussed: propagation is described by Eq. (20).
In terms of the electronic Wigner distribution function, this translates into a rigid time translation by the time of
flight of the free electrons:

W
(e)
ρ,x+∆x(t, ω) = W (e)

ρ,x(t−∆x/vF , ω) , (40)

as discussed in the context of phase-space interpretation (see Eq. (36)). The electronic Wigner distribution therefore
propagates unaltered at velocity vF . Consequently, the electronic distribution function is unaltered after propagation
and the average charge density keeps its shape after propagation over a distance ∆x.

The case of free fermions with dispersion, such as non-relativistic free fermions, is more interesting and has been
considered in Ref. [85] with a slight variation: instead of comparing the Wigner functions in the (t, ω) plane at two
different positions, they consider the usual Wigner distribution function in the (x, k) plane defined by Eq. (35) and
study how it changes with time. First of all, this Wigner function can be rewritten as

Wρ,t(x, k) =

∫

R

〈
c†
(
k − q

2

)
c
(
k +

q

2

)〉
ρ
eiqx ei(ω(k−q/2)−ω(k+q/2))t dq

2π
(41)

in which we have used the Heisenberg evolution for the electronic mode operators,

c(k, t) = e−iω(k)tc(k) . (42)

The time evolution of the (x, k) electronic Wigner distribution function is therefore expressed in terms of a partial
convolution with a kernel that encodes the dynamics

Wρ,t(x, k) =

∫

R
Wρ,0(x′, k)Kt(x− x′; k) dx′ (43)

Kt(x− x′; k) =

∫

R
ei(ω(k−q/2)−ω(k+q/2))teiq(x−x

′) dq

2π
(44)

which reduces to the spatial version of Eq. (40) for chiral relativistic fermions moving at the constant Fermi velocity
vF :

Wρ,t(x, k) = Wρ,0(x− vF t, k) (45)

When the electronic dispersion relation ω(k) is non-linear, approximating ω(k ± q/2) by ω(k) ± ω′(k)q/2 leads to
Eq. (45) but with a k-dependent velocity: vF (k) = ω′(k). For free fermions with quadratic dispersion relation
ω(k) = ~k2/2m, this approximation is indeed exact and Eq. (45) is valid provided one substitutes the constant vF
by the k-dependent velocity vF (k) = ~k/m. Therefore, we shall limit ourselves to this case for simplicity.

It is now important to consider the effect of such a dispersion relation on a Fermi sea of electrons and to a local
disturbance of the electronic density. For a Fermi sea with all states of given 1D momentum filled up to |k| = kF the
(x, k) Wigner distribution function does not depend on x and is thus left invariant in time translation by t as can be
seen from (45) when Wρ,0(x, k) does not depend on x.

This is not the case for an initial state that contains a local density inhomogeneity (∂xWρ,0(x, k) 6= 0). In a semi-
classical view of such a disturbed Fermi sea, described by an x-dependent kF , we could consider that for k ' kF (x)
Wρ,0(x, k) = Θ(kF (x)−k). Then, as explained in Ref. [85], Eq. (45) with vF = ~k/m implies that the average spatial
density 〈n(x, t)〉, which is obtained from Wρ,t(x, k) by integrating over k, would then develop a schock wave along x
as explained on Fig. 9-a.

The underlying physics is quite simple: the initial density bum gets distorted by the dispersive propagation, its top
(higher k) part running faster than its bottom (lower k) part. In the classical approximation, its sharp boundary is
not anymore described by a single value function of x and integrating over k then leads to square-root singularities
in the average density 〈n(x, t)〉.

However, this is an artefact of the description of the initial (x, k) Wigner distribution function as a sharp deformation
of the Fermi sea Θ(kF (x)−k). In reality, the initial state is nothing but a coherent-state of 1D edge magnetoplasmons

7 Sometimes also called “relativistic” because of their linear dispersion relation ω(k) = vF k.
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on top of the Fermi sea and its spatial coherence in which all the single electron wave functions have been modulated
by the same position dependent phase θ(x). This state is of the form

G(e)
t=0(x, x′) =

ei(θ(x)−θ(x′))

2π(x′ − x+ i0+)
(46)

which is the generalization of Eq. (17). Expanding

θ
(
x+

y

2

)
− θ

(
x− y

2

)
' y (∂xθ)(x) +

(∂3
xθ)

24
y3 + . . . (47)

and introducing the notation kF (x) = (∂xθ)(x) then leads to the initial (x, k) electronic Wigner distribution [85]

Wt=0(x, k) ' Ai1

(
22/3

∣∣(∂2
xkF )(x)

∣∣−1/3
(k − kF (x))

)
(48)

in which Ai1(x) is the following integral of the Airy function:

Ai1(x) =

∫ +∞

x

Ai(z)dz (49)

This integrated Airy function varies from 1 in the limit x→ −∞ to 0 in the limit x→∞ with an exponential decay for
x positive and oscillations within the x < 0 plateau. This explains the ripples present in the initial Wigner distribution
Wt=0(x, k) which are truly a quantum effect arising from the phase coherence of all the electrons within the quantum
many body state under consideration. Although Eq. (48) shows these quantum features in the k direction, we can
indeed rewrite this result a bit differently. Denoting by xF (k) the inversion of k = kF (x) for (x, k) located close to
the curve k = kF (x), we have x′F (k) ' (x− xF (k))/(kF (x)− k) and (∂2

xkF )(xF (k)) = −x′′F (k)/x′F (k)3 and therefore

W
(e)
t=0(x, k) ' Ai1

(
22/3

∣∣(∂2
kxF )(k)

∣∣−1/3
(x− xF (k))

)
. (50)

Time evolution using Eq. (45) then consists of replacing xF (k) by xF (k, t) = xF (k)− vF (k)t which does not change
(∂2
kxF )(k) since vF (k) = ~k/m. It shows the presence of oscillations in the plateau region x < xF (k, t) as well as the

exponential decay for x > xF (k, t) for t > 0. As shown in Ref. [85], this smoothed behavior of the Wigner function
in the (x, k) plane is responsible for the smearing out of the shock singularities discussed previously. Fig. 9 depicts
the time evolution of the excess (x, k)-Wigner distribution function and density charge for an initial Lorentzian bump
that carries a charge −4e. This examples illustrates the quantum-smoothing discussed here.

To get an insight of the parameter domain where these effects are important, let us discuss the scaling of these
quantum ripples in terms of the average number of electrons ∆N involved in it. Assuming that the fluctuation spreads
over a distance L, kF ' ∆N/L, and therefore, the scale of the quantum ripples is δk ' (∆N)1/3/L whereas the typical
scale of the k is ∆N/L. Consequently, the relative scale of the quantum ripples compared to the spreading in k of
the density bump is

δk

k
' (∆N)−2/3 . (51)

This scaling shows that, as expected, the quantum ripple are prominent when considering pulses involving single
and sub-single electron charge but are a widely subdominant feature in the case of pulses involving a large number
of electrons (∆N � 1). The scaling of ∆k with ∆N also enables us to discuss the temperature scale at which
the quantum ripples are smeared out. Assuming that the ground state is a Fermi sea, with Fermi velocity vF , this
temperature scale is defined by kBT∗ = ~vF δk which leads to

kBT∗ '
~vF
L

(∆N)1/3 . (52)

Whenever Tel & T∗, the quantum ripples are smeared out by thermal fluctuations and the semi-classical approximation
is valid.

A similar discussion can be carried out when considering the propagation of the electronic Wigner distribution
function W (e)(t, ω) across a region of length l in which the electrons are scattered elastically with an ω-dependent
phase eiθ(ω). The case of a linear phase θ(ω) = ωl/vF where vF is a given velocity corresponds to a global time
translation of W (e)(t, ω) by the time of flight l/vF . In full generality, the outgoing Wigner function can be expressed
in term of the incoming one by temporal convolution using a kernel that depends on ω. When the non-linearity of the
scattering phase θ(ω) is only taken into account at first order, the outgoing Wigner distribution function is related to

the incoming one by W
(e)
out(t, ω) = W

(e)
in (t− τ(ω), ω) in which τ(ω) = (∂ωθ)(ω) denotes the Wigner-Smith time delay

for the electronic scattering across the region of length l. The discussion of the physics of quantum ripples over a semi
classical shock can then be carried along the same lines as Ref. [85].
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FIG. 9. Top part: Propagation of the Wigner electronic function of a q = −4e Lorentzian density bump of width x0 in a 1D
free electron gas with a quadratic dispersion relation: (left panel) Initial (x; k)-distribution function. (right panel) Evolution of

the exact (x, k) Wigner distribution function ∆W
(e)
t (x, k) at t > 0. For simplicity, the excitation has been translated back to

x = 0. Bottom part: corresponding average density in space obtained by integrating ∆W (e)(x, k) over k. Note that at t > 0,
the classical shocks are smoothed.

2. Time dependent single particle scattering

More generally, neglecting the effect of interactions amount to describe a quantum conductor by linear scattering
theory for fermionic fields. This is the basic idea behind Büttiker’s scattering theory approach. In its most general
form, the scattering matrix is non stationary. The scattering amplitude Sα,β(t, t′) for an electron to enter via channel
β at time t′ and exit into channel α at time t depends on both times and not only of t− t′. The incoming and outgoing
fermionic fields are then related linearly

ψα,out(t) =
∑

β

∫

R
Sα,β(t, t′)ψβ,in(t′) dt′ . (53)

This relation immediately connects the outgoing electronic coherences to the incoming ones. For example, considering
a very simple conductor with only one incoming channel and one outgoing channel so that we could get rid of the α
and β indices, the outgoing excess single electron coherence is related to the incoming one by

∆G(e)
out(t, t

′) =

∫

R2

S(t, t+)S(t′, t−)∗∆G(e)
in (t+, t−) dt+dt− . (54)

Such an equation is nothing but a linear filtering of the incoming quantum signal ∆G(e)
in . It will be discussed more

explicitly in the next section. This simple observation is at the heart of the interpretation of electronic ideal in-
terferometry experiments in terms of quantum signal processing. But before digging into specific examples, let us
comment on a physically transparent interpretation of time dependent scattering amplitude. As we have just said,
such an amplitude is a two-time quantity S(t, t′). Exactly as for the single particle amplitude, several equivalent
representations can be given. The first one is the afore used time-domain representation. Considering chiral fermions
on a line propagating at velocity vF , the mode operators at fixed energy c(ω) are scattered according to

cout(ω) =

∫

R
S(ω, ω′) cin(ω′) dω′ (55)

in which

S(ω, ω′) =
1

2π

∫

R2

S(t, t′) ei(ωt−ω
′t′)dtdt′ (56)
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represents the amplitude for an incoming electron at energy ~ω to be scattered to energy ~ω′ (see Appendix A for a
reminder). It is interesting to connect it to the time-frequency representation of S(t, t′) defined by

S(Ω, τ) =

∫

R
S
(
t+

τ

2
, t− τ

2

)
eiΩtdt . (57)

We have then

S(ω, ω′) =
1

2π

∫

R
S(ω − ω′, τ) ei(ω+ω′)τ/2dτ (58)

The physical interpretation of this equation is quite natural. Let us start with an incoming electron at energy ~ω′
and propagate it over a distance l/2, its state transforms according to |ω′〉 7→ eiω

′l/2vF |ω′〉. Let us now assume that
there is a dimensionless amplitude A(ω − ω′, l) for its energy to shift from ~ω′ to ~ω. Let us then propagate it along
distance l/2vF again, accumulating a phase eiωl/2vF . If we sum over all possible propagation distances l and energy
changes Ω = ω − ω′, we obtain the scattered state as8

S |ω′〉 =

∫

R2

A(ω − ω′, l) ei(ω+ω′)l/2vF |ω〉 dldω

2πvF
(59)

Identifying S(ω, ω′) with 〈ω|S|ω′〉 – see Appendix A – directly shows that S(Ω, τ) can be identified with A(Ω, τ) since

〈ω|S|ω′〉 =
1

2π

∫

R
A(ω − ω′, vF τ) ei(ω+ω′)τ/2 dτ . (60)

The time-frequency representation S(Ω, τ) of the time dependent scattering amplitude thus has a natural interpreta-
tion: it corresponds to the amplitude for shifting the energy by ~Ω after free propagation over a time of flight τ/2 at
the initial energy and before free propagation over the same time of flight at the final energy. In this interpretation,
the time dependant scatterer is replaced by a quantum scatterer with paths of time of flight τ which are summed over
and the inelastic (ω 6= ω′) contribution to the scattering is concentrated mid-flight.

For a time independent scattering matrix, S(t, t′) only depends on t−t′ and therefore S(Ω, τ) reduces to 2πδ(Ω)S(τ)
where S(τ) is S(t + τ, t) for any value of t, therefore connecting τ to the possible times of flight within the time
independent scatterer.

When the single particle scattering is T -periodic, id est S(t+T, t′+T ) = S(t, t′) for all (t, t′), the Fourier transform
with respect to (t + t′)/2 leads to a series of peaks at Ω = 2πnf where f = 1/T thereby showing that the energy is
transfered by multiples of hf . Time periodic single particle scattering theory is commonly called Floquet scattering
theory and has been pioneered by Moskalets and Büttiker for discussing electron pumps [86, 87] and, later for discussing
properties of the mesoscopic capacitor [88–90] and also to introduce two electron coherences [91].

3. Photo-assisted propagation

A very important example consists of a region of finite length l in which electrons experience a classical time and
space dependent electrical potential U(x, t). We consider here the case of chiral electrons with k-independent velocity.
During their propagation, these charged particules accumulate an electric phase. For a point particle of charge q
propagating along t 7→ rt, the electromagnetic phase is

eφ[r(t)] = e
iq
~

∫ tf
ti

(vt·A(rt,t)−V (rt,t))dt (61)

in which (A, V ) denote the electromagnetic potentials and vt = dr/dt the particle’s velocity. In the present case of
particles of charge q = −e propagating in 1D a constant velocity vF where A = 0, the phase accumulated during the
traversal of the region −l/2 ≤ x ≤ l/2 in which the electrons see the potential U(x, t) is

e
ie

~vF

∫
U(x,t0−x/vF ) dt

. (62)

8 Using ω = vF k, dl dω/2πvF corresponds to the usual measure on the (x, k) space.
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in which t0 denotes the time at which the electron trajectory passes at x = 0. This expression directly leads to the
time dependent scattering matrix across the x = −l/2, x = l/2:

SU (t, t′) = e
ie
~

∫ t
t′ U(l/2−vF (τ−t),τ) dτδ

(
t− t′ − l

vF

)
(63)

The presence of the S0(t, t′) = δ(t− t′ − l/vF ) comes from chiral propagation at fixed velocity vF whereas the effect
of the time dependent electrical potential arises from the phase.

Let us compute the time-frequency representation S(Ω, τ) defined by Eq. (57) which provides us with an interpre-
tation in terms of time of flights and energy transferts for the electrons:

S0(Ω, τ) = 2πδ(Ω)δ(τ − l/vF ) (64a)

SU (Ω, τ) = δ(τ − l/vF )

∫

R
eiΩte

ie
~

∫ l/2vF
−l/2vF

U(vF t
′,t+t′) dt′

dt (64b)

Eq (64a) just expresses that, when the potential is zero, the electron propagates elastically with a time of flight l/vF
across the |x| ≤ l/2 region. Eq. (64b) shows that, in the presence of a non zero potential, although the time of flight
is still l/vF , the electron may gain or loose energy with a photo-assisted amplitude given by the Fourier transform of
the accumulated phase

AU (Ω) =

∫

R
eiΩteiφ(t) dt (65a)

φ(t) =
e

~

∫ l/2vF

−l/2vF
U(vF t

′, t+ t′) dt′ (65b)

This expression explicitly shows that it is the time-dependence of the potential that leads to inelastic scattering of
the electron (AU (Ω) 6= 0 for Ω 6= 0). In the case of a T -periodic drive (U(x, t+ T ) = U(x, t) for all (x, t)), the phase
is T -periodic in t and therefore AU (ω) is a succession of δ peaks at Ω = 2πmf for m ∈ Z which are interpreted for
the amplitudes for absorbing (m > 0) of emitting (m < 0) |m| photons of energy hf .

Before discussing two important example, let us consider the case where the potential seen by the electrons in the
|x| ≤ l/2 region is of the form U(x, t) = f(x)U(t) where U(t) is a time dependent voltage and f(x) a dimensionless
function vanishing for |x| > l/2 which plays the role of a window function. Such a form is expected in the case of a
classical drive applied by a top gate in the limit where the potential drop between the top gate and the electron gas
can be neglected. A simple model consists of f(x) = 1 for |x| ≤ l/2and zero otherwise. Then, introducing the Fourier

transform Ũ(ω) of U(t), we find that

φ(t) =
e

~

∫

R
sin(ωl/2vF )

Ũ(ω)

ω
e−iωt

dω

2π
(66)

therefore showing that the finite length region acts as an antenna, filtering the various Fourier components of the
voltage drive.

In the case of an applied sinusoidal drive at frequency ω0, Ũ(ω) = π [U0δ(ω − ω0) + U∗0 δ(ω + ω0)] where ω0 = 2πf
and U0 denotes the complex amplitude of the drive. This leads to the accumulated phase

φ(t) =
e|U0|

2~
sin(ω0l/2vF )

ω0

(
eiϕ0e−iω0t + h.c.

)
(67)

in which ϕ0 is the phase of the sinusoidal drive which can be absorbed in a time shift. Therefore, up to a linear phase
in Ω, we find that

AU (Ω) =

∫

R
eiΩtei

e|U0|
hf sin(πfl/vF ) sin(ω0t) (68)

Denoting by UR = |U0| sin(πfl/vF ) the filtered voltage amplitude, we obtain AU (Ω) as a sum of δ peaks:

AU (Ω) = 2π

∞∑

n=−∞
e2πinft0J−n

(
e|UR|
hf

)
δ(Ω− 2πnf) (69)

in which we have restored the dependence on the phase of the sinusoidal drive via a time t0.
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4. The driven Fermi sea

The discussion of the previous paragraph combines the effect of a chiral propagation at constant velocity with the
effect of a classical voltage drive, thereby introducing an effective filtering of the time dependent voltage. Such a
filtering is, in first approximation, not present when considering a driven Ohmic contact. A large Ohmic contact is
expected to act as a reservoir for electrons submitted to the time dependent ac voltage Vac(t) applied to the contact.
Consequently, all the single electron states get the time dependent phase

φ(t) =
e

~

∫ t

−∞
Vac(t′) dt′ (70)

The dc component of the voltage Vdc applied to the Ohmic contact determines the chemical potential of the electrons
emitted µ = −eVdc. Consequently, a large Ohmic contact driven by the potential V (t) = Vdc + Vac(t) emits a stream
of electrons whose single electron coherence is

G(e)(t, t′) =
e−ωdc(t−t′)

t− t′ + i0+
e
ie
~

∫ t
t′ Vac(τ) dτ (71)

in which ωdc = −eVdc/~. Note that because all electrons get the same scattering phase, the corresponding many-body
state is still an infinite-dimensional Slater determinant built from the single-particle states |ψω[V ]〉 such that

ψω[Vac](t) = e
ie
~

∫ t
−∞ Vac(τ)dτ e−iωτ√

2πvF
(72)

for ω ≤ ωdc. These single particle states can be conveniently expressed in the basis of fixed energy single particle
states |ω〉 defined in Appendix A:

|ψω[Vac]〉 =

∫

R
F (ω′) |ω + ω′〉 dω′

2π
(73a)

FVac
(ω) =

∫

R
eiωt eiφ(t) dt (73b)

Assuming that the Vac(t) it T -periodic, the exponential exp(iφ(t)) is also T -periodic and can therefore be decomposed
in a Fourier series:

eiφ(t) =

n=+∞∑

n=−∞
pn[Vac] e−2πinft (74)

where the complex amplitudes pn[Vac] are called the photo-assisted amplitudes. They represent the amplitude for
|n| photon of energy hf to be absorbed (n > 0) or emitted (n < 0) to the electrons. The coefficient p0[Vac] is the
amplitude for the electron to absorb or emit no photon. Note that, although the single electron coherence of the Fermi
sea is diagonal in frequency space, the single electron coherence given by Eq. (71) is non zero off the frequency space’s
diagonal. This arises from the transfer of coherences between states of different photon numbers9. It can therefore
be seen as the transfer of electromagnetic coherences to the electron fluid. As pointed out in Ref. [57], this transfer
of coherence from the electromagnetic field to the electron fluid ensures that the quantum noise of the corresponding
electrical current is the same than for an equilibrium state.

At zero temperature, the resulting single electron Wigner distribution function is of the form [57]:

W (e)(t, ω) =
∑

(n+,n−)∈Z2

pn+ [Vac] pn− [Vac]∗ e2πi(n−−n+)ftΘ(ωdc + π(n+ + n−)f − ω) (75)

and therefore exhibit discontinuities for ω − ωdc being a multiple of πf which reflect the discreteness of photons of
energy hf . Averaging over time leads to the electronic distribution function which is then equal to

fe(ω) =
∑

n∈Z
|pn[Vac]|2 Θ(ωdc + 2πnf − ω) (76)

9 Remember that a classical drive corresponds to a coherent state of the quantum electromagnetic field.
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FIG. 10. (Reproduced from [20]) Wigner representation of a sinusoidal voltage drive Vac(t) = V0 cos(2πft) at large amplitude
(eV0/hf = 10) and for increasing temperatures: for kBTel = 2hf , the Wigner distribution corresponds to an agitated Fermi
sea at temperature Tel and chemical potential µ(t) = eV0 cos (2πft). When the temperature is decreased, we see quantum
interference effects leading to non-classical values of the Wigner distribution function.

which confirms the interpretation of pn[Vac] as the amplitude for transferring energy nhf to the electron fluid.
Reference [57] contains a discussion of the sinusoidal drive Vac(t) = V0 cos(2πft) for which pn = Jn(eV0/hf) and

ωdc = 0. In the small amplitude limit eV0 � hf , the physics is dominated by single electron processes as can be seen
on Fig. 11. At first order in eV0/hf , single electron coherence is non vanishing in a band |ω| ≤ πh which gives the
average electrical current (e2/h)× V0 cos(2πft) but does not contribute to the electronic distribution function. This
contribution really reflects the coherence transferred by the |0〉+(eV0/hf) |1〉 photon state to the electronic fluid. The
electronic distribution function is altered at order (eV0/hf)2 with electrons being transferred from the −hf ≤ ~ω < 0
energy band to the 0 ≤ ~ω < hf energy band.

In the large amplitude limit (eV0 � hf), at zero temperature, quantum effects manifest themselves as a departure
from the resulting electronic Wigner distribution function consists of a classical time dependent electronic distribution

W
(e)
cl (t, ω) = fe,Tel=0 K(eV (t) + ω) (77)

where −eV (t) plays the role of a time dependent chemical potential. Fig. 10 shows that, this classical image is altered
by the presence of quantum ripples which have indeed the same origin as the ones discussed in Section II D 1. They
arise from the time variation of the time-dependent voltage V (t′) on the time-scale τ around t.

To conclude this discussion of the driven Fermi sea, let us review the important case of Leviton pulses. These are
Lorentzian voltage pulses

V (t) =
V0

1 + (t/τ0)2
(78)

carrying an integer multiple of the −e single electron charge. This is achieved when the amplitude of the pulse satisfies

Q =

∫ +∞

−∞

e2

h
V (t) dt =

πe2V0τ0
h

= −ne (79)

as in Eq. (12) discussed in Section I. Hence for an n-Leviton pulse one has to chose the amplitude V0 = nh/(eπτ0).
The corresponding time-dependent phase is then:

eiφ(t) = e
e
~
∫ t
−∞ V (t′) dt′ = (−1)n

(
τ0 − it
τ0 + it

)n
. (80)

For n = 1, this shows that each single particle state |ω〉 is scattered into

S1 |ω〉 = |ω〉+ 2τ0

∫ +∞

0

e−ω
′τ0 |ω + ω′〉dω′ (81)
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FIG. 11. (Reproduced from [20]) Wigner representation of a sinusoidal voltage drive at low amplitude (|eV0| . hf) and zero
temperature. At low voltage (right panel), the coherence is dominated by the linear term in V0 which contributes to the average
electrical current but not to the excess occcupation number. At increasing voltages (middle panel), the quadratic contribution
in eV0/hf appears which corresponds to real single-photon transitions. Then at higher voltages, the contribution of two-photon
transitions becomes visible, progressively leading to the appearance of a sine-shaped Wigner function. Note that, in this regime,
negative and greater than one values are visible on all the panels.

This rewriting enables us to describe in a simple way what happens to the Fermi sea with reference chemical potential
µ = 0: all the negative energy eigenstates are reshuffled therefore leading to another infinite dimensional Slater
determinant but, because each |ω〉 is scattered into a linear combination of |ω〉 and higher energy states |ω + ω′〉
for ω′ ≥ 0, all the negative energy single particle states remain present in the final infinite dimensional Slater
determinant. Consequently, we come to the conclusion that, remarkably, the Fermi sea is preserved. However, we
still have to determine the excitations present on top of it in the final many-body state. Fortunately, a miracle occurs
due to the multiplicative properties of the exponential: for ω < 0, S1 |ω〉 contains a contribution in the state H+ of
positive energy states which is

2τ0

∫ +∞

−ω
e−ω

′τ0 |ω + ω′〉 dω′ = 2τ0e
ωτ0

∫ +∞

0

e−ω
′′τ0 |ω′′〉dω′′ (82)

Consequently, all negative energy states contribute to the same single particle state in the infinite dimensional Slater
determinant as noticed in Ref. [26]. The final infinite dimensional Slater determinant therefore involves only one
single electron excitation on top of the reference Fermi sea |Fµ=0〉 which is

|Levτ0〉 =
√

2τ0

∫ +∞

0

e−ωτ0 |ω〉 dω . (83)

For n > 1, the single particle scattering matrix Sn = (S1)
n

is more complicated: it does not generate only one single
excitation on top of the Fermi sea but n > 1. More precisely, the charge −ne Lorentzian pulse is a Slater determinant
built from the single particle states |ϕk,τ0〉 from k = 1 to k = n whose wavefunctions in the energy domain has been
derived in Ref. [92]:

〈ω|ϕk,τ0〉 =
√

2τ0 Θ(ω) e−ωτ0Lk−1(2ωτ0) (84)

where Lk(X) denotes the k-th Laguerre polynomial. Their Wigner function are depicted on Fig. 6 for k = 1 to k = 4.

E. Ideal electronic interferometers as on-chip quantum signal processors / Interferometric sensing

We will now discuss how ideal electronic interferometers can be viewed as “on-chip” quantum signal processors that
encode the result of transformations performed on electronic quantum coherences into measurable quantities such
as average electrical currents or low frequency current noise [28]. This general idea is crucial in the perspective of
quantum sensing with single electron wave packets since it enables is to collect the information stored within electronic
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FIG. 12. Schematic view of the Mach-Zehnder interferometer: the incoming channels are partitionned at the electronic beam
splitter A and then recombined by the beam splitter B. Here τ1 and τ2 denote the times of flight across the two branches of
the MZI and ΦB the magnetic flux enclosed by the interferometer.

quantum coherences using a measurement apparatus thereby opening the way to retrieving quantities that have been
imprinted in them via the quantum sensors under study.

In this section, quantum sensing will not be discussed but we will focus on the way ideal electronic interferometers
transform incoming electronic coherences into observable quantities by discussing two important examples of ideal
single particle interferometers (the Mach-Zehnder interferometer and a time dependent filter), and the Hong-Ou-
Mandel interferometer which involves two electron interferences. The generalized Franson interferometer, which is a
two-electron interferometers have been theoretically discussed in Ref. [53] for accessing two-electron excess coherence
introduced in Eq. (26c) can also be discussed along the same lines but has not been experimentally demonstrated yet.

1. The Mach-Zehnder interferometer

Let us start with an ideal Mach-Zehnder interferometer (MZI) depicted on Fig. 12 with an electron source S
connected to the incoming channel 1. The average time dependent electrical current 〈i1out(t)〉 is related to the
incoming excess single electron coherence by[28, 57, 93]:

〈i1out(t)〉 =
∑

j=1,2

Mj,j〈iS(t− τj)〉 − 2e|M1,2|
∫

R
cos (ωτ12 + φ) ∆W

(e)
S (t− τ̄ , ω)

dω

2π
(85)

in which theMi,j coefficients can be computed from the scattering matrices of the beam splitters A and B, φ = eΦB/h
denotes the normalized magnetic flux enclosed by the interferometer and τ12 = τ1−τ2 and τ̄ = (τ1 +τ2)/2 respectively
denote the difference and average of the time of flights across the two branches of the interferometer. Its magnetic
flux dependent part is directly related to the excess Wigner function of S, enabling a direct read out of its time
dependence as well as its ω dependence by varying the difference of times of flights across the two branches of the
MZI.

2. Time dependent filtering at a QPC

Another example of the same type is the time dependent filter discussed by Locane et al [62] which consists of a
driven quantum point contact with a frequency dependent transmission T (ω) as depicted in Fig. 13. A classical time
dependent voltage Vd(t) is applied to a top gate, thereby leading to the transmission of specific scattering states.
This device can be viewed as a generalization of the stationary quantum dot used to probe the electron distribution
function within quantum Hall edge channels [94]. The signal of interest is the average electric charge 〈Q〉 transmitted
across the filter which is, once again, the result of a linear filtering on the incoming excess single electron coherence

∆G(e)
S :

〈Q〉 = −e
∫

R2

vF∆G(e)
S

(
t+

τ

2
, t− τ

2

)
Fd(t, τ)∗ dtdτ (86)

where the filter’s kernel is given by

Fd(t, τ) =

∫

R
T (ω) e

iωτ+ ie
~

∫ t+τ/2
t−τ/2 Vd(t′)dt′ dω

2π
(87)
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the incoming electrons bymeasuring the transmitted charge through an energy barrier whose height is varied
linearly in time. The experimental setup can be described by amodel shown schematically in!gure 1, where the
time-dependent energy barrier ismodelledwith a static constriction subject to a (locally) uniform gate voltage

B� �( )V t V t0 . The two parameters of the linearmodulation (the offset in energyV0 and the slope! in the
time-energy plane) provide a two-dimensionalmap of the chargeQ(V0,!), that is used to infer p(E, t) using
inversion techniques from tomographic image processing [40]. The key relation connecting the properties of the
incomingwave-packets with themeasured signal can bewritten as

¨� �( ) ( ( ) ) ( )Q e E t T E p E V t td d , , 1

whereT(E) is the energy-dependent transmission probability of the constriction in the absence of the gate
voltagemodulation.3

Equation (1) has been previously derived classically [39] by considering scattering of a statistical ensemble of
electronswith simultaneously well-de!ned energy and time of arrival, impinging on a scattering barrier with a
transmission probabilityT(E, t). Due to gauge invariance under uniformmodulation, shift in voltage is
equivalent to shift in energy, � �( ) ( ( ) )T E t T E V t t, , , giving equation (1). In this classical picture p(E, t) is
simply the joint probability density characterizing the electrons emitted by the source.

In this work, we derive a general expression for the transmitted charge for an arbitrary time-dependence of
V(t) and show that the distribution p(E, t) in a general case needs to be replaced by a suitablymodi!edWigner
function.We also show that if the gate voltageV(t) has a linear dependence on time, nomodi!cation of the
Wigner function is necessary and equation (1) is valid if we take p(E, t) to be theWigner function of the incoming
electron "in(E, t). This con!rms that the protocol implemented in [40] can be used not only for classical but also
for quantum tomography, i.e. quantum state reconstruction.We argue that if there are deviations from a linear
time dependence of the gate potential, themodi!edWigner function instead of the actual incomingWigner
functionwill be observed.Wenote that theWigner distribution function has previously been found to be a
useful concept in electron quantumoptics [33, 41, 42]. Here it appears naturally as a quantum counterpart of the
classical probability density.

Ourmanuscript is organized as follows: In section 2we give a precise de!nition of our system and of the
approximations involved, as well as introduce theWigner distribution function.Ourmain result, a quantum
version of equation (1), is presented and derived in section 3. In that sectionwe also discuss special cases, such as
a gate voltage with a linear time dependence (for which equation (1) is exact), a gate voltage with sharp edges, and
the limit of a slowly varying gate voltage. Section 4 illustrates our results, by comparing the ‘classical’ and
‘quantum’ expressions for a few characteristic examples. In section 6we discuss the implication of our results for
the analysis and improvement of electron tomography experiments.We conclude in section 7.

2.Model

Weconsider a constrictionwith two counterpropagating quantumHall edge channels. The coordinate x
measures the distance along the edge, taking the center of the constriction as the origin, such that points
to the left (right) of the constriction have negative (positive) x, see!gure 2. TheHamiltonian for the two

Figure 1.A sketch of the setup: a chiral edge states (orange) in a quantumHall systempass through a constrictionwhere backscattering
between the edges is possible. Individual electronic excitations are launched from the source (left) and get either transmitted or
re"ected. The scattering region is electrostatically gated and the energy-dependent transmission probabilityT(E) can bemodulated by
the voltage on the gate (shaded shape). It is assumed that the potentialV(t) created by the gate voltagemodulation is spatially uniform
in the scattering regionwhere backscattering between the edge channels takes place. Tuning the time- and energy- dependence of the
transmission function �( ( ))T E V t by appropriately designed time-dependence of the gate potentialV(t) enables tomography—the
measurement of joint energy-time content—of the wavepacket.

3
Strictly speaking, in equation (1)V(t) should be replaced by the integral of the electric!eld for electrons traveling along the edge, which

need not be equal toV(t) for a time-dependent gate potential, see section 3.

2
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FIG. 13. (Fig. reproduced from [62]) A quantum point contact with energy dependent transmission is driven by a top gate to
which a time dependent voltage Vd(t) is applied. It is assumed that along all their propagation below the top gate the electrons
feel the spatially uniform voltage Vd(t). The source S is located on one of the incoming edge channels arriving at the QPC
whereas the other incoming channel is connected to the ground.

S1

S2

BS

1out

2out

correlator

FIG. 14. (Reproduced from [28]) Principle of the HOM experiment: excitations emitted by two independent sources S1 and
S2 are sent onto a beam splitter BS. In optics, one performs a time-resolved detection of photons. In the electronic case, the
beamsplitter is a QPC and one measures current correlations between 1out and 2out or current noise in the 1out channel. In
the case of the HBT experiment, vacuum is replaced by the reference Fermi sea.

in which

Vd(t) =

∫ x

−∞
(∂xU) (x, t− x/vF )dx (88)

in which U(x, t) = Vd(t)u(x) denotes the voltage seen by the electrons as they fly across the QPC10. As explained in

[62], this time dependent filter can be used to perform quantum tomography of the single electron coherence ∆G(e)
S

by utilizing linear-in-time modulation and a sufficiently energy-selective T (ω). Experimental realization of such a
protocol and its classical interpretation are discussed in [32] and summarized in Section III A 4 below.

3. The Hong-Ou-Mandel interferometer

The setup depicted on Fig. 13 is indeed very close to a Hong-Ou-Mandel (HOM) interferometer. The crucial
difference is that the HOM interferometer probes two particle interferences whereas the time dependent filter is based
on single particle interferences. However, an ideal HOM interferometer can also be used to perform single electron
tomography and can indeed be described as a kind of filtering on the unknown single electron coherence one wishes
to reconstruct. In a HOM interferometer, two particle interferences between two independent sources S1 and S2

are probed by looking at correlations after a beam-splitter as depicted on Fig. 14. This experiment has been first
demonstrated in optics, using photons emitted by two independent sources [95], and since then has been reproduced in
many different contexts in optics and beyond (see [96] for an extensive recent review), in particular with fermionic and

10 u(x) is non zero close to the constriction of the QPC and rapidly vanishes away from it.
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bosonic cold Helium atoms [97] and with single electron excitations propagating within quantum Hall edge channels
[98].

The signal of interest is the excess low-frequency current noise just after the QPC when both sources S1 and S2

are switched on. It is the sum of three contributions [57]:

∆S
(S1&S2)
11 = ∆S

(S1)
11 + ∆S

(S2)
11 + ∆S

(HOM)
11 , (89)

where ∆S
(S1)
11 and ∆S

(S2)
11 are the excess current noises when only the source Sj (j = 1, 2) is switched on. These

terms are given by:

∆S
(S1)
11 = e2T 2

∫

R
∆W

(e)
S1

(t, ω)
t

(1− 2feq) (ω)
dω

2π
. (90a)

∆S
(S2)
11 = e2R2

∫

R
∆W

(e)
S2

(t, ω)
t

(1− 2feq) (ω)
dω

2π
. (90b)

where R and T denote the reflection and transmission probabilities of the QPC and feq the equilibrium Fermi
distribution of the incoming channels. These terms correspond to the excess noise in Handburry Brown and Twiss
(HBT) experiments performed on each of the sources. Since 1 − 2feq(ω) = tanh (~ω/2kBTel) this expression counts
the total number of excitations (electrons and hole) whose energy are above kBTel injected by the source Sj . When
the other channel (called the probe) is at zero temperature, it is exactly the total number of excitations injected by
Sj . This quantity has been measured for a single-electron source in quantum Hall edge channel in Ref. [99].

The last term, called the HOM contribution since it requires both sources to be switched on, is given by

∆S
(HOM)
11 = −2e2RT

∫

R2

∆W
(e)
1in (t, ω)∆W

(e)
2in (t, ω)

t dω

2π
, (91)

where · · ·t denotes the average over time t. The HOM signal thus directly represents the overlap of the excess single-
electron coherences arriving at the QPC [57]. Equation (91) encodes the effect of two-particle interferences between
the excitations emitted by these sources. Note that the time delay of the two sources can be controlled and, therefore,
a single experimental run gives access to the time-shifted overlaps of the excess electronic Wigner functions of the

two sources. Finally, the minus sign comes from the fermionic statistics of electrons. Viewing ∆W
(e)
1in as the unknown

quantum signal ∆W
(e)
S and ∆W

(e)
2in as a well controlled probe signal, Eq. (91) thus appears once again as a linear

filtering equation connecting the signal to be reconstructed to the measured quantity ∆S
(HOM)
11 . This time, the filter

is nothing but the probe signal ∆W
(e)
2in . Hence Eq. (91) expresses the fundamental principle behind the HOM-based

general tomography protocol for low energy electrons described in Section III A 2.
One thus immediately sees the formal analogy between the tomography protocols based on time-dependent single

particle scattering [32] and on two-particle interferences [52], respectively. Both of them lead to a linear filtering of the
unknown incoming single electron coherence, connecting the unknown quantum signal to the experimentally measured
quantity. Experimental demonstrations of these two different tomography techniques are reviewed in Section III A.

F. Interaction effects

Let us now consider the effects of interactions on single electron excitation. In this section, we will first show that
Coulomb interactions between two single electron excitations propagating in nano-structures do induce a significative
change of phase. A detrimental effect is Coulomb interaction induced electronic decoherence which will be briefly
reviewed. But this also opens the way to using single electron excitations as a probe of rapidly varying electromagnetic
fields as well as of fast and efficient detection of single charges, two examples that are at the core of the SEQUOIA
project.

1. Two-electron interaction

Let us estimate the phase variation induced by the interaction of two single electrons propagating at velocity vF
in opposite directions along two parallel 1D edge channels separated by a distance d. For simplicity, we consider
the effect of unscreened Coulomb interactions along a distance l and assume that the two particles meet at minimal
distance at the center of this interaction region. The Coulomb interaction induced phase shift is associated with the



29

effect of the Coulomb potential VC(r) = e/(4πε0εr|r|) induced by one electron on the other within the material of
relative permittivity εr (εr ' 12.9 for GaAs):

δφcoll =
e

~

∫
VC(r(t)) dt (92)

in which r(t) denotes the relative coordinate of the two electron system. An explicit computation leads to δφcoll =
αeffF (l/d) where

αeff =
e2

4πε0εr~vF
=
αqed

εr

c

vF
(93)

is the effective fine structure constant within the material (αqed = 1/137.035999084(21) being the fine structure
constant in vacuum) describing the effective strength of electromagnetic interactions for the electrons in the present
case and

F

(
l

d

)
= arcsinh

(
l

d

)
=

{
l/d l� d

ln(2 l/d) l� d
(94)

encodes the geometry considered here. In the present situation, it increases linearily with l in the limit of a short
(l� d) region and then crosses over to a logarithmic behavior for a long interaction region (l� d). This shows that
in AlGaAs/GaAs systems the effective coupling can indeed be quite large: αeff ∼ 1.7 for vF = 1× 105 ms−1. For
l ∼ 1 µm and d = 100 nm, δφcoll ∼ 2π×0.81 thereby implying the relevance of single excitations for detecting potential
fluctuations created by sub-single electron charge within a sub-micrometric device. It is however important to point
out that in the situation considered here such a phase kick occurs on a very short time scale: 10 ps for l = 1 µm and
vF = 1× 105 ms−1.

Another model geometry that can capture interaction of two counterpropagating modes is a saddle point potential
[100] V (x, y) = mω2

y y
2/2 −mω2

x x
2/2. This model is also particularly suitable for description of two isolated elec-

trons [101]. A single electron, localized by a strong magnetic field in a well-defined Landau level, undergoes E × B
drift [50] along the equipotential lines. For the saddle point potential, the corresponding guiding centre trajectory is
a hyperbola with a local velocity v = −ω−1

c {ω2
yy, ω

2
xx}, where ωc = eB/m� ωx, ωy is the cyclotron frequency.

Neglecting the classical backaction (change of trajectory due to interaction), the relative coordinate follows the

same set of hyperbolic trajectories with r(t) =
√
d2 cosh2(ω0t) + l2 sinh2(ω0t) where ω0 = ωx ωy/ωc, d is the minimal

distance, vmin is the minimal relative velocity (both reached at t = 0), and l = vmin/ω0 is the characteristic size in
the longitudinal direction. l/d = ωy/ωx for electrons passing each other along x (in the opposite case of passing along
y, l/d = ωx/ωy)).

The corresponding phase shift accumulated by one electron due to the presence of the other can be estimated
perturbatively from Eq. (92) as

δφ = αeff ×
2 l

d
K(−l2/d2) (95)

where K is the complete elliptic integral of the first kind and vF in Eq. (93) for αeff has to be replaced by vmin. We
get essentially the same result as the estimate for the straight channels as the asymptotics of Eq. (95) is similar to
that of F (l/d), cf. (94) above,

2 l

d
K

(
− l

2

d2

)
=

{
πl/d l� d

2 ln(4 l/d) l� d
(96)

In the strong electron-electron coupling regime, δφ � 1, presence of the other electron may significantly alter the
classical trajectories, and a non-perturbative treatment of interactions becomes necessary. For the two collision
problem, fully self-consistent classical treatment of Coulomb interactions at the saddle point [101] reveals significant
renormalization of the transmission threshold and thus potential for singe-shot sensing of coincident arrival.

2. Electronic decoherence

Considerations of the previous paragraph show that electron/electron interactions within a quantum conductor can
lead to significant phase shifts for electrons. As we shall now discuss this is at the root of a key phenomenon in
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FIG. 15. (Figure reproduced from [105]) Schematic view of the evolution of the state of environmental degrees of freedom in
|E0[γ]〉 as the particle (or system) follows a trajectory γ1 or γ2 (see left panel). At the initial time, the environment is in its
initial state |E0〉 (pure for simplicity) and as time increases the two imprints |Et[γa]〉 for a = 1 and a = 2 become more and
more distinguishable therefore killing interferences between the different trajectories and leading to decoherence.
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induced by interactions and capacitive coupling to an external linear circuit are computed. An explicit connec-
tion with high frequency transport properties of a two terminal device formed by the edge channel on one side
and the linear circuit on the other side is established.
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I. INTRODUCTION

The recent demonstrations of Mach-Zehnder interferom-
eters !MZIs"1–3 in the integer quantum Hall regime have best
illustrated the ballistic and phase coherent character of elec-
tronic propagation along the chiral quantum Hall edges over
tens of microns. Recently, the development of an on demand
single-electron source4 has opened the way to fundamental
electron quantum optics experiments involving single charge
excitations such as the electronic Hanbury-Brown and Twiss
experiment5 or the Hong-Ou-Mandel experiment6,7 in which
two indistinguishable electrons collide on a beam splitter.
But contrary to photons, electrons interact with their electro-
magnetic environment and with other electrons present in the
Fermi sea. This results in relaxation and decoherence of
single-electron excitations above the ground state that deeply
questions the whole electron quantum optics concept. This
has been emphasized in MZI where, despite insensitivity to
electron-source time coherence, decoherence along the chiral
edges drastically reduces the contrast of interferences.8–13

Recently, energy resolved electronic detection using quan-
tum dots has also been demonstrated,14 thus opening the way
to energy relaxation studies in quantum Hall edge channels.
Combining such measurements with the on demand single-
electron source will enable experimental testing of the basic
problem of quasiparticle relaxation originally considered by
Landau in Fermi liquid theory.15

In this Rapid Communication, we present a full many
body solution to this problem in quantum Hall edge chan-
nels. To address the above basic issues, we have developed a
unified approach of high frequency transport and decoher-
ence and relaxation of coherent single-electron excitations
showing the central role of plasmon scattering. This ap-
proach opens the way to an in depth understanding of the
nature of quasiparticles in various integer quantum Hall edge
channels and provides an efficient theoretical framework for
electron quantum optics. To illustrate our formalism, we
clarify the role of the electronic Fermi sea in single-electron
decoherence, explicitly showing the interpolation from a
Pauli blockade regime at low energy to a dynamical Cou-
lomb blockade like regime at high energy in which the Fermi
sea plays the role of an effective environment.

II. MODEL

Let us consider the specific example of a chiral edge
channel capacitively coupled to an external gate of size l
connected to a resistance R representing a dissipative exter-
nal circuit !see Fig. 1". In the integer quantum Hall regime,
bosonization expresses the electron creation operator at point
x along the edge, "†!x", in terms of a chiral bosonic field
#!x" as

"†!x" =
U†

#2$a
e!i#4$#!x", !1"

where a is a short distance cutoff and U† ensures fermionic
anticommutation relations. The bosonic field determines the
electron density n!x"= !!x#"!x" /#$. In the presence of an
external voltage U!x , t" along the edge, its equation of mo-
tion is

!!t + vF!x"#!x,t" =
e#$

h
U!x,t" , !2"

where vF is the electron Fermi velocity along the edge. Be-
fore and after the interaction region delimited by $x$% l /2,
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FIG. 1. !Color online" !a" Two terminal device built from an
edge channel coupled to an RC circuit. In the interaction area
$x$% l /2, the edge channel !in red" at internal potential U!t" is ca-
pacitively coupled to the gate of capacitance C at potential V!t". !b"
A single electron is injected in the x&!l /2 region and propagates
along the edge channel. Interactions within $x$% l /2 create electron-
hole pairs within the edge channel and photons in the RC circuit
leading to decoherence.
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FIG. 16. (Figure reproduced from [106]) Electrons propagating along a chiral edge channel at constant and uniform velocity
vF in the presence of a top gate of length l connecting to a resistance R which provides the environmental degrees of freedom.
An electron injected in the incoming channel will then experience electronic decoherence due to the coupling to external degrees
of freedom and also, when a Fermi sea is present, due to electron/electron interactions.

mesoscopic physics: electronic decoherence. Within a path integral point of view, a single electron propagating within
a quantum conductor from an initial state I = (ri, ti) to a final state F = (rf , tf ) explores all the possible trajectories
connecting these two points. As illustrated on Fig. 15, two different trajectories γ+ and γ− leave different “quantum
imprints” in its environment which involves all the quantum degrees of freedom it is interacting with. In particular,
among them could be the charge degrees of freedom of the other electrons: each of this electron will feel the Coulomb
interaction induced phase shift associated with the motion of the electron along its trajectory which obviously is not
the same for γ+ or for γ−. Therefore, these different imprints carry some which-path information on the trajectories
and, as is well known from Feynman & Vernon work [102], it leads to a contrast reduction for the interference between
γ+ and γ−. This is the general idea behind decoherence theory (see Ref. [103, 104] for extensive reviews) rephrased
in the context of coherent electronic transport.

It is particularly well suited to the description of electronic decoherence for “high energy electrons” which propagated
into depleted channels because, due to their confinement, they can be viewed as “distinct” from all the other electrons
present in the sample, such as the one present in side gates or within distinct but undepleted channels.

A discussion of electronic decoherence for solitary ballistic electrons propagating at speed vF beneath a metallic
top gate of finite length l (see Fig. 16) can be found in Ref. [106]. The top gate is connected to a finite resistance
R which is equivalent to a transmission line [107]. The resulting RC-circuit thus provides the environmental degrees
of freedom leading to electronic decoherence. Neglecting the back-action from this environment onto the electron,
one can compute how spatial coherence of the solitary electron in single particle state |ϕe〉 is altered after its passing

beneath the gate. We denote by G(e)
in (xi, x

′
i) = ϕe(xi)ϕe(x

′
i)
∗ the incoming spatial single electron coherence with

xi < −l/2 and x′i < −l/2 being located before the gate. After a sufficient time t, the final positions xf = xi + vF t
and x′f = xi + vF are located after the gate, in the x > l/2 region. The outgoing spatial electronic coherence and

G(e)
out(xf , x

′
f ) is then related to the incoming one by [106]

G(e)
out(xf , x

′
f ) = G(e)

in (xi, x
′
i)Dt(xf , x′f ) (97)

in which φ± represent the forward scattering phase induced by the presence of the gate and the decoherence coefficient
Dt(xf , x′f ) is associated with the overlaps left by the two different classical trajectories, respectively connecting (xi, 0)

to (xi + vF t, t) and (x′i, 0) to (x′i + vF t, t).
In the “scattering limit” where t → +∞, (xi, x

′
i) being far on the x → −∞ and (xf , x

′
f ) far on the x � l/2 parts

of the x axis, Df (xf , x
′
f ) is expected to only depend on d = xf − x′f = xi − x′i. In this limit the difference of the two
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scattering phases φ± = e2

2~C
∫ t

0
f(x±f − vF τ)2dτ is also expected to vanish. Consequently, we are left with

G(e)
out(xf , x

′
f ) = D∞(xf − x′f )G(e)

in (xi, x
′
i) (98)

where D∞(xf − x′f ) is the asymptotic decoherence coefficient describing decoherence induced by the interaction with
the RC-circuit. This transformation of the single electron coherence replaces the chiral dispersionless propagation
equation (Eq. (45)) and even more generally the transformation under coherent single particle scattering (Eq. (54))
which does not involve any decoherence coefficient. In terms of Wigner functions in the (x, k) space, this leads to

W
(e)
out(xout, k) =

∫

R
D̃∞(q)W

(e)
in (xin, k − q) dq (99)

where xout = xin + vF t under the hypothesis that xout � l/2, −xin � l/2 and t being sufficiently large, and D̃∞(q) is
the Fourier transform of the decoherence coefficient D∞(x). Note that the effect of the interaction region is to spread
the Wigner function in k independently of x, a way that reflects spatial translation invariance in the scattering limit, a
consequence of time translation invariance of the dynamics itself. Such an equation is very reminiscent of P (E) theory
in the context of the dynamical Coulomb blockade [82] except that here it is expressed in momentum space. Since,
in the asymptotic regions x→ ±∞, we are dealing with chiral dispersionless fermions with linear dispersion relation
ω(k) = vF k, Eq. (99) is indeed an equation describing the energy change of the single electron due to its interaction

with the RC circuit in the |x| ≤ l/2 region. At zero temperature, D̃∞(q) 6= 0 only for q ≤ 0 and therefore, only
energy emission is possible. The energy lost by the electron is dissipated in the resistance R or, in the transmission
line language, corresponds to the energy of the outgoing photons emitted into the transmission line.

Although this simplified model explains electronic decoherence and relaxation for solitary electrons, it is not sufficient
to describe electronic decoherence associated with electron/electron interactions in the presence of the Fermi sea. In
principle, if one injects a single electron excitation well above the Fermi sea, and if electronic decoherence does not
smash it back onto the Fermi sea, one could view the electrons within the Fermi sea as distinct environmental degrees
of freedom. Instead of imprinting information on spatially separated degrees of freedom as in the example discussed
above, one would also imprint information in the charge density modes of the edge channel with energies much smaller
than the initial and final energies of the electron we are considering. Instead of generating photons in an external
circuit, the incoming electron would emit low energy charge density wave in the channel where it is propagating.

However, the full single electron coherence does not reduce to the contribution of the injected solitary electron. As

explained in Section II B, the excess single electron coherence will get a contribution ∆G(e)
e/h pairs from the coherent

electron/hole pairs generated by Coulomb interactions. What is expected is an excess contribution of the form:

∆G(e)
out(xf , x

′
f ) = D∞(xf , x

′
f )ϕe,out(xf )ϕe,out(x

′
f )∗ + ∆G(e)

e/h pairs(xf , x
′
f ) (100)

in which ϕe,out denotes the outgoing wave packet computed using free propagation. The electron/hole pair contribution
may be evaluated by computing the effective many-body state of the EMP modes generated by the passing of the
quantum solitary-electron.

It should be noted that the toy model of Ref. [106] uses an RC-circuit for the environment but in real systems one
should analyze all the possible environmental degrees of freedom. In high energy electron quantum optics experiments
the dispersion relation for electrons is no longer linear and electron/electron interactions are no longer the dominant
mechanism for relaxation. In this regime, phonon emission becomes the dominant mechanism and this perfectly fits
the framework of decoherence by an external bath. Detailed computations of the relaxation rate equations have been
performed in Refs. [108, 109] based on the Fermi Golden rule and used in a master equations’s approach to estimate
electronic decoherence in MZI [109].

However, for low energy electron quantum optics experiments, these approaches are not the most suitable one for
computing electronic decoherence in the presence of electron/electron interactions in the edge channel. Measurements
of the relaxation of a non equilibrium stationary electronic distribution in a system of two copropagating quantum
Hall edge channels [94] have shown that the electron quasi-particle does not survive in such a system after a distance
inversely proportional to the typical injection energy scale ε [110], contrary to what would happen in a Fermi liquid
where the typical relaxation length would scale as ε−2 [111]. This suggest that an energy resolved single electron
excitation injected on top of the Fermi sea is smashed back onto the Fermi level. In this situation, this electron can no
longer be considered as distinguishable by its energy from the ones in the Fermi sea and the above simple approach
based on the effective separation between the quantum particle and its environment is not expected to work.

Fortunately, the problem of electronic decoherence in a chiral edge channel has been solved in full generality for
single electron excitations traveling across an interaction region under the hypothesis that its environment responds
linearly to charge density disturbances [80, 112, 113]. This approach, based on bosonization, is non-perturbative in
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FIG. 5. Destruction of the elementary quasiparticle. Wigner representations !W (e)(t̄ ,") of the excess single-electron coherence at T = 0 K
for different propagation lengths #s = 0, 28, and 70 ps. The time axis are shifted by time #̄ = l/v$ to account for the propagation time on length
l. For #s = 0, !W (e)(t̄ ,") represents the state emitted in the outer edge channel (blue line) described by Eq. (6), with "e = 0.7 K and #e = 60
ps. For #s = 28 and 70 ps, short-range Coulomb interactions between the outer and inner (green line) edge channels are taken into account.

of the interaction region. Using the bosonization technique
and numerical evaluation of the resulting nonperturbative ex-
pressions, we first numerically compute the excess electronic
coherence function at T = 0 K in the Wigner representation
[50] !W (e)(t̄ ,"), obtained from the Fourier transform of
!G(e)(t̄ + #̃/2,t̄ ! #̃/2) on the time difference #̃ . !W (e)(t̄ ,")
is plotted in Fig. 5 for increasing values of the propagation
length or equivalently, of #s . The choice of the Wigner
representation proves particularly useful here, first because
it combines temporal and energetic aspects of single-electron
decoherence, but also because it allows for a classical limit,
where W (e)(t̄ ,") represents the occupation probability of states
at energy " as a function of time t̄ . This classical interpretation
fails for W (e)(t̄ ,") < 0 or W (e)(t̄ ,") > 1 [50].

Here !W (e)(t̄ ,") provides a direct visualization of the
evolution of the single-electron wave packet under the in-
fluence of Coulomb interaction, leading to the destruction
of the single electron [6] as shown in Fig. 5. For #s = 0,
!W (e)(t̄ ,") corresponds to the Wigner representation of the
pure single-electron state (6). Along the energy axis, !W (e)

is very broad on short times (as a consequence of the
Heisenberg uncertainty principle) and becomes peaked around
the emission energy "e on a typical time scale given by #e.
Ripples of negative or above unity values of !W (e)(t,") show
the nonclassical nature of the single-electron state. After a short
propagation length, #s = 28 ps, before the fractionalization in
two pulses has occurred, energy relaxes and the spectral weight
at "e is transferred close to the Fermi energy ("e = 0). The
nonclassical ripples are also almost completely washed out. On
longer propagation length #s = 70 ps, the fractionalization in
two distinct pulses occurs and can be seen along the temporal
axis. As two pulses of charge e/2 cannot correspond to a single
quasiparticle excitation of the Fermi sea, collective neutral
excitations are created. This can be seen on !W (e)(t̄ ,") by its
negative values below the Fermi energy (corresponding to the
creation of holes) compensated by an increase of !W (e)(t̄ ,")
above the Fermi energy (corresponding to the creation of the
same number of electrons).

As can be seen in Eq. (3), the HOM dip encodes information
on the overlap of single-electron coherences, which can be
rewritten in terms of overlap between the Wigner distributions

of sources 1 and 2:

!SHOM = 4R(1 ! R)e2
!

d"

2%
!W

(e)
1 (t̄ ,")!W

(e)
2 (t̄ ,")

t̄

.

(7)

The single-electron decoherence scenario represented by the
evolution of the Wigner distribution !W (e)(t̄ ,") as a function
of propagation length on Fig. 5 can thus be tested by means of
HOM data versus theory comparison [6,18].

The upper-left panel of Fig. 6 presents the data of the
HOM traces !q(# ) for various emission times #e together with
theoretical predictions at T = 0 and T = 100 mK, providing
an evaluation of the effect of finite temperature on single-
electron decoherence. The interaction parameter is set to
#s = 70 ps, which is extracted from high-frequency admittance
measurements [44] performed on a similar sample coming
from the same batch and which confirmed the validity of the
short-range interaction model up to frequencies f ! 6 GHz.
The parameter #s = 70 ps has also been successfully used to
describe the charge fractionalization in Ref. [37] using the
same sample as in the present work (at the same value of
the magnetic field). The red, blue, and black curves represent
these theoretical predictions taking #e = 34, 91, and 147 ps.
These values agree within experimental resolution with the
values of #e extracted from the measurements of the average
current. In particular, for the short time #e = 34 ps, theoretical
predictions capture the broadening of the electronic wave
packet by the fractionalization process, which leads to an
overestimate by a factor 2 of the emission time extracted
from the exponential fit of the dip (although the experimental
resolution is not good enough to observe the predicted side
peaks for #e = 34 ps, T = 0.1 K). The agreement between
the data and the predictions is good: once the width of the
dip has been chosen to match the data, the values of the
contrast also agree. Note that contrary to Fig. 2 where a
phenomenological description of decoherence involving two
adjustable parameters was used, we are able here to fit the full
HOM trace using only experimentally measured parameters
(emission time #e and interaction strength #s). The differences
between the calculated HOM curves at different temperatures

115311-6

FIG. 17. (Figure reproduced from [114]) Destruction of a Landau quasi-particle in a system of two co-propagating quantum
Hall edge channels: Wigner representation of the excess single electron coherence at Tel = 0 K for different propagation
distances after it has been injected in the outer (blue) edge channel by a mesoscopic capacitor due to strong screened Coulomb
interactions between the inner (green) and outer (blue) channel. The landau excitation has temporal width τe = 60 ps and
is emitted at energy ε/kB = 0.7 K above the Fermi sea. The time axis are time translated to account for propagation. The
time τs corresponds to the time of flight for the slowest collective EMP mode [115] and is typical of propagation along a few
micrometers.

the interactions and automatically accounts for back-action of the external environmental degrees of freedom on the
electron fluid in which the excitation under study has been injected. When the coupling to environmental degrees
of freedom and electron/electron interactions are not too strong, it leads to a result of the form given by Eq. (100)
[112, 113].

In the case of two-copropagating edge channels [80, 116], it explains why the electron does not survive as a quasi-
particle (see Fig. 17). These predictions have been tested experimentally in an HOM experiment involving two
mesoscopic capacitors used in the single electron source regime [114]. This enables testing one of its striking prediction
which is the forgetting of the initial emission energy of the electrons during the 3 µm of propagation between the single
electron-source and the HOM electronic beam splitter: the HOM curves only depends on the temporal width of each
of the wave packets and not on their initial energies.

In the perspective of the SEQUOIA project, this approach provides a better understanding of electronic decoherence
effects and opens a way to control electronic decoherence, and maybe to use it for further purposes:

• The robustness of Leviton excitations to electronic decoherence compared to Landau quasi-particles emitted
by the mesoscopic capacitor arises from the fact that these are coherent states of edge-magnetoplasmons and
therefore, these are pointer states with respect to the electromagnetic environment of the quantum edge channel
[80].

• It explains the weakness of electronic decoherence in graphene, first observed in a Mach-Zehnder interfer-
ometry experiment [117] by the combination of two factors: due to the higher value of vF in graphene, at
fixed energy scale, the experimentally demonstrated graphene interferometers are much smaller than their Al-
GaAs/GaAs counterparts. But more importantly, the effective coupling constant characterizing the intensity of
electromagnetic-interactions responsible for electronic decoherence

αeff =
e2

4πε0εr~vF
=
αqed

εr

c

vF
(101)

is smaller in graphene than in AlGaAs/GaAs [113].

• It confirms that a clever design of sample can be used to fight electronic decoherence by cutting-off the emission
of edge-magnetoplasmons in nearby quantum edge channels [113], a fact already explored in experiments [118–
120]. Interestingly, it also suggests that the emission of a single electron excitation could be heralded by a single
photon emission with a suitable sample design [113].
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3. Using single electrons for quantum sensing

Section II F 1 strongly suggests that a single electron excitation could be used to detect very small and fast variation
of the electrical potential via the associated phase shift. Measuring phase is always done by comparison with a reference
and, following the discussion of Section II E 1 this suggests to use an electronic interferometer for that purpose. The
principle is very similar to the one of a radar which uses a classical electromagnetic wave to probe, in a Mach-Zehnder
like design, how a target scatters these electromagnetic waves. However, in the present case, a single electron wave-
function is used to probe a time-dependent electromagnetic field. Since, as explained in Section II there is nothing
like the classical amplitude for a fermionic field, one can speak of quantum sensing of an electromagnetic field by a
single electron interferometer.

In Section IV A, a first demonstration of this idea is presented: an electronic interferometer is used to compare
propagation of a single electron excitation in the presence and in the absence of the coupling to a driven electrostatic
gate (see Fig. 27). This experiment demonstrates the ability of an electronic interferometer used in the single electron
regime to probe locally a time-dependent voltage with a temporal resolution of a few tens of ps limited by the duration
of the electronic wave packet. Section IV B presents another illustration of this idea with the detection of magnons
propagating across the bulk of a quantum Hall ferromagnet in graphene by a valley Mach-Zehnder interferometer.

However, this simple view does not take into account all aspects of the problem. Electronic decoherence discussed in
the previous paragraph potentially jeopardizes the perspective of such quantum sensing of time dependent potentials
by limiting the visibility of the interferometer. In the experiment presented in Section IV A, the amplitude of the
time-dependent voltage drive was quite high and, electronic decoherence did not prevent the detection of the time
dependent drive. However, if the prospect is to detect small time dependent signals such as the passing of a single
electron in a nearby quantum Hall edge channel, the effect of electronic decoherence cannot be overlooked.

In full generality, the electron interferometer could be used to probe a quantum electromagnetic field, searching for
signatures of non-classical fluctuations for example. One could even think of using a single electron interferometer
to distinguish among different quantum states within a short time window. In such situations, a compromise has to
be found on the coupling between the single electron interferometer and its electromagnetic environment: increasing
the coupling seems to be good for sensitivity but may lead to strong decoherence effects and to strong feedback
of the electronic interferometer on the field it is coupled to. Unfortunately, these effects tend to deteriorate the
interference signal in the interferometer and therefore lower its performances. Characterizing and then optimizing
the performances of such an interferometers thus ultimately requires developing a theoretical approach to electronic
decoherence in the presence of an external quantum radiation.

III. APPLICATION CONCEPTS AND TECHNOLOGY TOOLBOX

Just as new theoretical techniques are needed for capturing the appropriate description of single electron physics,
new experimental techniques are required to bolster the ‘toolkit’ used to configure and verify the performance of single-
electron optics systems and components. In this section we present three new techniques/components advanced within
the SEQUOIA project. Section III A introduces the spectrum of single-electron sources and explains the techniques
used to probe the emission purity of these sources. Due to characteristic differences in the physical environment in
which high energy electron sources operate (emission energy, screening), these had been lacking probes of coherence
or emission purity analogous to those developed in low energy sources. This motivated the development of new
techniques within the project which will be explained. Section III B introduces a new technique developed for capture
and detection of individual single-electron wave packets. This enables an efficient readout of scattering outcomes as an
alternative to noise measurements. It allows to access the full probability matrix of multi-electron scattering events,
allowing for a single-electron based quantum metrology with enhanced signal quality and integrity, and also adds
an exciting extension of the electron optics toolbox towards the use of quantum states with larger electron number.
Finally, section III C reports on the evaluation of the dissipation mechanisms in the quantum Hall regime of h-BN
encapsulated graphene. Graphene is a promising material for the formation of electron optics devices (see section
IV B) and is already a familiar in the electrical metrology community due to its potential to make quantum Hall
resistance metrology available to a broader user community. Such applications require a detailed understanding of
relaxation effects.
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A. Probing wave packets emitted from on-demand single-electron sources

Jonathan D. Fletcher and Masaya Kataoka

The thesis of the single-electron quantum optics approach is that it should be possible to isolate and control
electronic excitations at the single particle level. Practical implementation of this requires single particle sources,
device structures (e.g. quantum dots, low dimensional systems) and control regimes (e.g. RF drive techniques)
through which excitations can be launched into appropriate edge channels for single electron transport. It also
requires the means to verify things like the injection energy of the particles.

Mesoscopic capacitors [78], single electron pumps [121], Leviton sources [23] are examples of single particle sources
defined in semiconductor systems. These three device types operate by i) electron/hole emission from a low energy
quantum dot [78] ii) electron emission from a high energy quantum dot [30] iii) ‘minimal’ excitation electron by
shaped voltages pulses [23]. Techniques have been developed to characterise the excitations that they inject into the
external circuit and the ability of the above devices to inject single-electron/particle excitations on-demand. This
process generally starts with basic characterisation of the charge transfer characteristics, source energy and emission
time distribution and can eventually extend to a quantum tomographic reconstruction of the electronic excitation
in the Wigner representation. While there are common aspects to this process between devices (e.g. use of some
additional time-domain probe of the excitations) there are necessary adaptations required to suit the characteristic
of each device. Of the three different sources, two of them, the mesoscopic capacitor and the leviton sources, inject
excitations at relatively low energy, close to the Fermi sea, in an integer quantum hall edge state. Because of this
similarity in energy, the techniques to characterise wave packets in these devices are more closely related than the
techniques required for the very high injection energy [30]. Here we briefly review the factors that sets the energy
and time scales of low and high energy devices and how this leads to different approaches for tomography of single
electron wave packets.

1. Mesoscopic Capacitor and Levitons: Characteristic energy, times scales

The first source to demonstrate on-demand single electronic excitations appropriate for single electron quantum
optics was a low energy quantum dot source [78]. These devices consist of a mesoscopic charge island, defined in a
two-dimensional electron gas, coupled to quantum hall edge channel. Transport of electrons on and off the charge
island is governed by Coulomb blockade (level spacing ∆ ' 1 meV) and the coupling barrier with transmission D
which sets the tunnel rate to the edge channel. Modulation of the dot energy with a ‘plunger’ gate controlled by an
AC voltage waveform toggles the dot between charge levels. At the correct operating point, the dot alternately ejects
and admits single electrons into/from the adjacent quantum hall edge channel, which is tuned (by external magnetic
field) to the ν = 2 filling factor.

The AC charge current from these devices can be detected using RF techniques and can be quantized in units of
I = 2ef , demonstrating on-demand alternating single-hole, single-electron injection [122]. Measurement and control
of the emission time distribution within each pump cycle time is possible within certain bounds; if the tunnel rate is
set too small the emission process is too slow to empty the dot and if it is too large the dot charge quantisation levels
are broadened. As the injection takes place by tunneling, the emission distribution is expected to have an exponential
decay with the width of this emission time distribution slightly smaller that the pumping period 0.3 – 3 ns. The
injection energy is set by the energy scales of the dot energy modulation ∆/2 with the exact distribution depending
on the exact ejection dynamics, namely how rapidly the dot level is brought out of equilibrium with respect to the
tunnel rate. If the dot level were raised instantaneously, the injection energy distribution would be a lorentzian peak
at E = ∆/2 [88, 89, 123]. A slow enough linear drive would also lead to a single electron excitation [124]. A more
general analysis of the excitations emitted by the mesoscopic capacitor in terms of electronic atoms of signal (see
Section II C 2) is presented in Ref. [29].

Information on the actual energy distribution can be extracted from measurements of the shot noise generated
when electrons/holes from the source beam are partitioned randomly into two output channels by a quantum point
contact in the beam path [99]. This is a scenario which lends some comparison with the optical configuration of the
Hanbury Brown-Twiss (HBT) interferometer. In the elementary case, partitioning of a single-election frequency f at
a barrier with transmission probability T produces shot noise SI = 2T (1 − T )e2f . This partition noise is a baseline
against which correlations or interaction effects emerge, or through which effective excitation charge or number can be
measured [74, 125]. Partitioning of electrons/holes from the mesoscopic capacitor revealed a current noise smaller than
expected from the injection frequency. This was accompanied by a characteristic dependence on the waveform used
to control emission conditions [99]. This revealed that the noise measured was not the result of simple partitioning
but was influenced by antibunching, i.e. two particle interference with thermal excitations from the other side of
the beam splitter which suppresses the noise (discussed below). The emission rate and quantum dot drive waveform
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govern the injection energy distribution ρ(E) which partially overlaps the thermal excitation energy scale set by kT .
The manifestation of fermionic exchange statistics as two particle ‘antibunching’ is an effect that recalls the Hong Ou
Mandel interference of quantum optics where ‘bunching’ of bosonic particles is observed [95]. This effect is driven
by exchange statistics and constitutes a probe of particle indistinguishability. As a time/phase sensitive probe it also
lies at the centre of technique to provide a full tomography of the electronic state described below that provides more
information than the time and energy distributions alone [123].

A leviton source is also defined in a two dimensional electron gas, but does not use any confinement to isolate
electrons. Instead it uses a pulsed injection technique that excites a discrete number of quasi-particles without an
uncontrolled background of electron-hole pairs. creating ’minimal’ electronic excitations [23] (see Section II D 4). The
successful creation of levitons is demonstrated by measuring partition noise, which show a noise minima at the point
where the average charge per pulse Q = −e when the appropriate pulse shape and amplitude is used, see Eqs. (78) and
(79). In contrast to the mesoscopic capacitor, the energy scale for the emission of Levitons is not set by the energy of a
confined state (e.g. set by a gate pulse voltage [99]), but the temporal pulse width of the lorentzian pulse. In the ideal
case of a single-leviton emission, a lorentzian input pulse V (t) = h

eπ
τ0

t2+τ2
0

with 2 τ0 ' 75 ps, the energy dependence

of the wavefunction of the resulting single-electron excitation has an exponential form ψ(E) ∝ exp(−τ0E/~), as
measured from the Fermi edge [23], see Eq. (84) with k = 1 and E = ~ω.

2. Tomography of low energy electrons: the HOM protocol

Techniques to probe the quantum state of the injected electrons can be performed for low energy sources by
harnessing two-particle interference effects. One example is where the excitations from two independently operated
single-particle sources are collided at a beam splitter and the output read out by detection of shot noise. Figure 18
shows the principle and execution of two-particle interference study of single electron wave packets. Two sources,
with adjustable phase, and a beam-splitter are required, along with a system to detect shot noise. The suppression of
the partitioning noise for synchronised arrival is a probe of the indistinguishability of the incoming wave packets [98].

FIG. 18. SEM image of experimental device with two sources (on left and right arms) generating single-electron excitations
in path 1 and 2 incident on the interaction region (beamsplitter). The outcome of the partitioning into outgoing paths 3 and
4 can be determined by measuring the electron correlation, realized in Ref. [98] by measuring the low frequency partitioning
noise of the single-electron current in one output (4) and the (ac) charge current at the repetition frequency in the other output
(3). The triangles symbolize the amplification chain for the electric charge currents.

This effect is a potent probe of the quantum state of the excitations, and how they are modified by interactions. For
example, inter-channel coulomb interaction modify the Wigner distribution of excitations as they travel in coupled
edge state, something that can be observed experimentally via the two particle interferometer [114, 126].

The above techniques have been further developed to provide a method of tomography of electronic excitations
injected into one arm of the interferometer. Figure 19 shows a schematic representation of a two particle interfer-
ence effect created at a beam splitter between the ‘unknown’ electrical excitation under test (left input arm) and a
modulated Fermi sea (right input arm) whose frequency, amplitude and phase define the probe signal. As explained
in Section II E 3, multiple measurements of the partition noise ∆Sn at different excitation frequency/phase can pro-
vide enough information for a quantum tomography of low energy electronic excitations [57, 123] as experimentally
demonstrated in [51, 52].

The above schemes essentially hinge on creating a controlled interference experiment between excitations incident
on opposite sides of partition barrier. Unfortunately, the techniques that work so effectively for low energy sources
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FIG. 19. Quantum current analyser for low energy excitations. Interference between the unknown periodic electronic Wigner

distribution W
(e)
S in the incoming channel (1) and a modulated reference Fermi sea signal, called the probe signal, W

(e)
Pn

incoming in channel (2), generated by a voltage VPn (t) applied to a contact, occurs at a central barrier. The current shot noise
signal is measured in output (3) as function of relative phase and reference probe amplitude. The measurement is repeated
with a set of known reference probes at harmonics of the base frequency of the unknown signal. For each harmonic, one then
varies the d.c. bias of the probe to sweep the position in ω thereby leading to a reconstruction of the ω-dependence of the n-th

harmonic of the unknown excess Wigner distribution ∆W
(e)
S (t, ω) [52]. Wigner distributions of the probe signal correspond to

weak harmonic modulation discussed in Section II D 4 and Fig. 11.

are not universally applicable. In the next section we review the picture for high energy sources where a different
technique is required.

3. High energy quantum dot sources: Energy and time distributions

High energy quantum dot sources load and eject electrons from a dynamically formed quantum dot controlled by
an RF drive waveform with eject (rapidly increasing dot energy to eject electron), reset (rapidly lowering entrance
barrier) and load (slowly raising entrance barrier to set charge capture) phases [127, 128]. Electrons within the 2DEG
from the trap region underneath the metal surface gates are released into high energy edge states, confined to the
edge of the mesa by perpendicular magnetic confinement. Basic operation of these devices can be validated using DC
detection of the injected charge current which can be set to some integer n = 1 . . . N electrons per cycle [121, 128–130].
Measurement of a parameter-invariant quantised pump current indicates that a single electron is being transported
in each cycle with high fidelity. The pumped DC current Ip = 〈n〉ef at operation frequencies f =0.2-2 GHz and 〈n〉
can be 1±10−7 in the most accurate devices [131, 132]. The current noise generated by partitioning a beam into with
a probability T is given by S = 2T (1− T )e2f and detection of this noise signal also demonstrates the ability of these
devices to pump one electron per cycle [49, 133]. These tests alone do not probe the exact structure of the electronics
excitations in the time/energy domain or provide information on the quantum state of the beam. Knowledge of the
relevant time scales of the pump segments [127, 128] gives indirect information about the electron emission timing.
For example, if the ejection pulse successfully ejects electrons with a probability of 1 when the ejection segment only
occupies 10% of the 1/f ∼ 1 ns pumping period, then the characteristic tunnelling rate, Γ must be very fast on this
time scale (1/Γ� 100 ps).

FIG. 20. SEM micrograph of a tunable barrier pump and detector barrier
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To probe the characteristic emission time more directly it is necessary to introduce an additional time-dependent
probe. For this purpose it is possible to use a time-dependent barrier in the beam path [30, 31] as shown in Figure 20.
The energy selective barrier in the electron path (shaded red) is controlled by a periodic time dependent voltage VG3

synchronised to the same signal VG1 that drives electron emission from the pump (shaded green). This ‘detector’ barrier
can be modulated rapidly, sweeping between voltages that open and close the channel to electrons at the threshold
defined by the electron injection energy E. This injection energy is readily measured in a separate experiment with
a time-independent barrier height set by the DC barrier voltage V DC

G3 and is typically E ' 100 − 150 meV with a
broadening of ' 1meV [30]. For a time dependent barrier height, injected electrons are either permitted through
the barrier or deflected into a side channel depending on the relative arrival time of the electron and the point at
which the barrier crosses the injection energy E. The ratio of transmitted to pumped current IT /Ip as a function of
the relative time delay td between pump and detector signals probes the arrival time distribution of electrons with
picosecond resolution [31, 134] just as the detection of the transmitted current I(V DC

G3 ) probes the energy distribution
in the static barrier case. Through this technique it was possible to establish directly that the arrival time distribution
of single electrons can be extremely small (< 10 ps) and that the emission process only occupies a tiny fraction of
the pump cycle. It also demonstrates that transport of electrons over the distances of order 2-10 microns between the
pump and detector does not introduce a gross broadening of either the energy or arrival time distributions. In fact,
the sharpness of these distributions is of immediate utility in characterising the modulated waveform which opens
and closes the detector barrier [135]. This constitutes a novel use for single electron technology, for example the
characterisation of RF components at cryogenic temperatures.

4. Towards quantum tomography of single hot electrons

Simple experiments using modulated barriers to sense the arrival time distribution [134] form a somewhat incomplete
picture of the electronic Wigner distribution. As shown in Section II C 1), the Wigner distribution contains key
information about the energy and time distributions and quantum coherence and thus captures much of the character
of the source. For example, in a tuneable barrier electron pump there is a significant modulation of the source
dot energy during emission [136]. This can lead to a strong emission energy, emission time correlation which is
significant in both classical and quantum limits of electron emission [137]. To reveal this structure a full mapping of
the emission distribution is desirable. Going further, information on the coherence or indistinguishability of the single
electron excitations via tomographic reconstruction as applied to the low energy particle sources [51, 52] would help
establish high energy sources as quantum building blocks in electron quantum optics circuits. There is, however, a
serious problem with applying the same techniques to the higher energy injection; the lack of a Fermi sea at the high
injection energies of these sources. This means that some other time-dependent probe of the injected excitations has
to be used.

One approach is to use the temporal control of the detector barrier as a probe of the electronic Wigner distribution
[32, 62]. This time dependent filtering method (see Section II E 2) provides information about the energy time
correlations by probing ‘intermediate’ projections of the distribution between the purely energy projection of a ’static
barrier’ measurement IT (VG3) and the (ideally) time-only projection of the rapidly opening/closing barrier IT (tpd).
This scenario as sketched schematically in Fig. 21(a). A linear ramp of the barrier voltage creates a time dependent
mask of the arrival time distribution, with only those parts in the ’open’ (T = 1) side of the line of this filter
contributing to the transmitted current. When the linear ramp rate of the detector is kept constant, but the voltage
and/or time delay of the signal generator is swept the current is cut off in a way that captures a particular projection
of the distribution. Recording a large number of these distributions and performing a numerical back projection
(for instance using the inverse radon transform) enables computation of the time, energy probability distribution, as
shown in Fig. 21. The shape and size of this distribution contain key information about the emission process in these
devices. For example, the numerical back projections capture a pronounced correlation between emission energy and
time, with later arrival times corresponding to higher energy. This energy ’chirp’, which is a characteristic feature
of electronic emission in these devices, can be shaped by changing the sweep rate of the pump drive waveform very
close to the moment of electron emission. This experimental signature helps to establish that it is indeed the emission
processes that imprints the correlation and not some other process relating to the propagation path or the detector.
It also enables a shaping of the distribution between maximal energy broadening (for fast emission) and maximal
time broadening emission (for the slowest emission) which assists in the separation of contributions to the emission
broadening. Ultimately, the size and shape of this emission distribution determines the resolution of the single electron
sampling-oscilloscope technique demonstrated in Ref. [135], which is a prototypical demonstration of single electron
sensing.

The area occupied by the measured distribution in energy-time place is a relevant measure of the quantum mechan-
ical purity of the injected wave packets when compared to the quantum limit of one Planck constant. The quantum
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FIG. 21. (a) Schematic of a partially transmitted emission distribution in the presence of a linear ramp of an energy filtering
barrier (b) Example of data collected at a continuously varying range of cut angles in the energy time plane (c) Example of
the numerical back-projection of data to form a map of the emission distribution.

mechanical purity of the effective density matrix, γ = h
∫ ∫

ρ2(t, E) dt dE, can be computed from the reconstructed
distributions ρ(t, E). Typical values of γ ' 0.04 indicate a distribution significantly broadened from that expected of
quantum fluctuations alone. This suggests that some combination of experimental effects are broadening the detected
emission distribution. One possible source is the effective energy resolution of the detector barrier, i.e. the energy
range over which transmission changes from T = 1 to T = 0 [100]. The ability to change the shape of the emission
distribution via changes of emission sweep rates allows some exploration of this factor. The smallest detected energy
spread σE,min ' 0.8 meV in the case of ejection from an almost stationary quantum dot energy. The detected emission
energy range is clearly larger in the case of fast emission, as the source broadening dominates. This implies that σE,min

is an upper limit of the barrier resolution. The finite sweep rate of the experimental probe barrier is also a possible
limiting factor, setting an experimental time broadening which can be estimated from the maximal sweep rate and
other relevant parameters as σ′t ' 0.3 ps. Estimates of the combined resolution give σE,minσ

′
t ' 0.36~, smaller than

the resolution required to resolve electronic emission broadened only by quantum uncertainty.
Other possible sources of the low experimentally detected purity are classical fluctuations of the quantum dot

source, both in energy and in time - the tomography above requires control of the nominal emission time of two
sources set by phase delays between signal generators. As tomographic measurements are an average over multiple
cycles, any instability in the relative emission time will reduce the detected purity. In addition, effects relating to
exact trajectories or loss in the beam path can also contribute. Such additional effects will manifest differently in
different forms of interferometry. The interference of single-particle amplitudes [27] are expected to be less affected
by emission time jitter, whereas two particle interferometry (e.g. in the HOM geometry) requires precise control of
the arrival time of individual electrons in the same cycle [98].

The use of current measurements and dynamic barrier to perform tomography is an intriguing alternative path to
access coherence information [62]. This approach has many contrasts with other forms of tomography inspired by
quantum optics (see Section II), for instance it relies upon an energy-filtering barrier which would be antagonistic to
two-particle interference. The complete absence of the Fermi sea in the conducting waveguide and scattering region
mean that the ‘solitary’ electrons are in a different regime of environmental interactions.

B. A counting scheme for single-electron wave packets

Lars Freise and Niels Ubbelohde

Coincidence counting and single photon detection are crucial tools for assessing first and second order coherences
in correlation measurements (Fig. 22). The development of these techniques has been continuously advanced by
applications in optical quantum information [138, 139]. By implementing networks of multiple detectors, multiplexing
techniques or detectors with photon-number resolution, higher-order correlations have also become accessible [140]. In
an electronic analogue to optical interferometry experiments, the characterization of single-electron and two-electron
states as for example generated by tunable barrier electron pumps follows the same concepts for signal-acquisition.
While an electron source typically emits a highly regular stream and therefore does not induce a chaotic limit to
correlation due to accidental coincidence, higher-order moments may still provide valuable information in case of
two-electron states and interactions. Similar to the performance-criteria in the single-photon case, a detection and
counting scheme for electron quantum optics should achieve high detection-efficiency, large bandwidth and the ability
to resolve particle numbers with high fidelity.

In an electron quantum optics circuit as shown in Figure 23, hot electrons injected in high magnetic field at non-
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FIG. 22. Schematic of a classic Hanbury Brown and Twiss experiment, where a time-correlated signal of the partitioning can
be acquired utilizing single-particle detection

equilibrium energies (several 10 meV above the Fermi level) propagate with minimal energy loss along the edge of
the conductor (white lines exemplifying the path through the circuit). The detection of such quasi-ballistic electrons
at the output of the circuit requires either storage [141] or on-the-fly[106, 142, 143] readout techniques. Trapping
electrons prior to read-out allows to significantly enhance signal-to-noise at the expense of reduced bandwidth. Hot
electrons can be trapped by controlled energy relaxation into a large charging node isolated from the remainder
of the circuit. A minimal example of all essential circuit components is shown in Fig. 23. In the micrograph of
a GaAs/AlGaAs heterostructure, the etched mesa (dark blue) forms the conductive region, separated by Au top-
gates into three sections forming the pump(red), a short wave guide with an edge-depletion gate (orange) to modify
transverse confinement potential for minimal losses [50, 135], and a trapping node (green). Shape and size of this
node are designed to maximize the path length for the traversing electron while still allowing the charge to be read
out with single electron resolution.
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FIG. 23. False color SEM image of a sample implementing all components necessary to demonstrate the ballistic transport and
trapping of high-energy electrons. Etched mesa conductive region (dark blue), gates forming the single-electron pump (red),
edge depletion gate (orange), node confining gates (green) and detector dot gates (cyan) are colored. White lines indicate the
path of an electron being trapped inside the node, gray lines sketch multiple paths of electrons ending up in one of the leads.

A measurement of the probability of an electron to traverse the node α = IT/I0 as a function of the entrance (GN1)
and exit (GN2) barrier height can be used to illustrate relaxation effects contributing to the effective detection fidelity
(see Fig. 24). As the barrier heights are raised, the maximum energy to which the node can be filled is increased,
effectively decreasing the excess energy of the injection electron relative to the node. This allows to probe the
energy dependence of relaxation effects with a fixed injection energy E0 � EF in a continuous-current measurement
(I0 ≈ 48 pA).

The dashed line marks symmetric barrier height (GN1 = GN2). Below this line, scattered electrons will flow
off over the lower entrance barrier and do not contribute towards the displayed exit-barrier transmission (see Fig.
24b). Whereas the high injection energy isolates electron from e-e interaction within the wave-guide section of the
circuit and transport along the gated edge suppresses relaxation via phonon emission (survival rate for this section
of the path ≈ 0.998), these effects become visible within the trapping node. At large excess energies (labeled (D) in
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FIG. 24. (a) Continuous-current measurement of the transfer coefficient α = IT/I0 as a function of the node entrance and exit
barrier-height for constant injection energy. Barrier heights increase to the top/right of the diagram. (b) Energy diagrams
showing the path of scattered and transmitted electrons for various points labeled in (a): Electron relaxation can only be
probed if not both scattered and transmitted electrons are collected in IT (A); for an excess energy smaller than 36 meV LO
phonon emission (D) is suppressed (B); below a threshold energy all incoming electrons are being scattered and not transmitted
(C).

Fig. 24a) LO phonon emission is easily recognizable as a step requiring the exit barrier to be at least 36 meV (the
characteristic energy of LO-phonon emission in GaAs) below the injection energy for scattered electrons to still be
transmitted. With decreasing excess energy (below the 36 meV threshold) LO-phonon emission becomes suppressed
and over a large extent α ≈ 0.6 is observed, consistent to the fraction of electrons crossing GN2 without detectable
energy loss when only GN2 is formed. For small excess energies e-e scattering dominates, displaying a power-law
energy dependence [144] down to a threshold energy, below which all electrons scatter before reaching the exit barrier
(C). In addition to these two effects commonly observed in such circuits, back action from the charge read-out will
further increase the scattering rate within the node. To trap an electron injected on-demand, excess electrons on
the node are flushed by temporally lowering the entrance barrier, and the exit barrier is set to reflect all incoming
electrons, forcing unscattered electrons on a roundtrip with a length of 10µm. A trapping fidelity near unity (0.999)
under various experimental conditions can be achieved making the trapping node a very robust and versatile building
block for electron quantum optics.

For charge readout, the trapping node is capacitively coupled to a separate quantum dot, which is tuned to a steep
Coulomb blockade peak resonance, similar to conventional electron counting experiments and recently also used in
a series circuit of single-electron sources [145] to demonstrate a benchmark for single-electron circuits [146]. As the
on-demand source provides control over the injection time, a differential readout of the charge detector signal with
high signal-to-noise ratio becomes possible, as the integration time of the detector signal before and after electron
injection can be freely chosen. At a read-out bandwidth of 230 Hz, number of trapped electrons can still be estimated
with a fidelity better than 5 sigma.

For applications in tomography and interferometry, the required energy and time selectivity can be achieved by
applying a sharp transient signal to the entrance barrier [141]. Figure 25 shows an example measurement of coincidence
correlations Pm,n in a configuration very similar to Fig. 22, where the partitioning of a multi-electron state is acquired
by placing two detection nodes (A and B) at the outputs of the beam splitter. Here, a total of 16 different non-zero
elements of the coincidence correlations are resolved. This allows to simultaneously characterize the source, which
potentially injects unwanted extra electrons, record losses and excitations and probe interactions, which is particularly
important in a system, where strong Coulomb interactions are likely to influence partitioning at the beam splitter in
addition to particle statistics. This distinctly exceeds the capabilities of current and noise measurements, highlighting
the advantages of counting in complex circuits utilizing multi-electron states.

C. Dissipation in the quantum Hall effect regime in h-BN encapsulated graphene

François Couedo, Alexsander Kadykov and Wilfrid Poirier

The development of a single-electron interferometry platform based on graphene relies on high-quality devices
operating in the QHE regime [147]. It is particularly interesting to determine not only the transport properties such
as carrier mobility and contact resistance but also the dissipation mechanisms responsible for electron backscattering
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FIG. 25. Exemplary bar graph depicting the coincidence correlations of two detector circuits (A and B), shown for a series of
single-shot counting measurements. A total of 49 probabilities Pm,n can be resolved by the electron counter.

in the edge states, which is characterized by a finite longitudinal resistance value at finite temperature and current.
These investigations are also essential to test the Hall quantization accuracy of graphene-based quantum resistance
standards which relies on a low rate of charge carrier backscattering [148]. In this perspective, one question of interest
is: can a higher carrier mobility, than that achieved in graphene grown on SiC (typically 10 000 cm2V−1s−1), lead to a
resistance standard operating in more relaxed experimental conditions [149], i.e. at lower magnetic field (B < 3.5 T),
higher temperature (T > 10 K) or higher measurement current (I > 500 µA)? Another goal of these characterizations
was to know whether the sharp increase of the longitudinal voltage, which manifests the breakdown of the QHE
beyond a threshold current value [150], could be used as a very sensitive current detector, possibly able to detect the
injection of a single-electron like a Leviton quasi-particle [23].

1. Basic transport characterizations

To characterize the electronic transport properties, two devices with a Hall bar geometry (width of 4 µm) were
fabricated at CEA[151] from heterostructures made of a graphene monolayer encapsulated between hexagonal-boron
nitride (h-BN) flakes of a few tens of nanometers thickness (see Fig.26a)). A graphite back-gate is added to tune
the carrier density and to screen charged impurities located in the SiO2/Si substrate on which the stack is deposited.
The stack is made using polypropylene carbonate (PPC) transfer of mechanically-exfoliated layers obtained from
high-purity crystals. The device mesa is defined by CHF3/O2 reactive ion etching and Cr/Au contacts are realized
at the stack edges.

The resistance of contacts is measured in the QHE regime (ν = 2 plateau) using a three-terminal connection
scheme to exploit the edge equipotentiality [152]. In the first Hall bar (S1), contact resistances of about 100 Ω are
typically measured, which corresponds to a contact resistivity of about 350 Ω µm. To further improve the quality
of these contacts, which is known to be critical not only for achieving an accurate quantized Hall resistance but
also for observing the fractional quantum Hall effect, a more complex design was tested for the second Hall bar
(S2). The graphite gate surface was reduced so that the carrier density of an area close to the contacts could be
independently tuned and increased by the Si back-gate. This allowed achieving lower contact resistivity around
250 Ω µm. From magnetoresistance measurements performed at low magnetic fields, an unexpectedly low carrier
mobility around 2000 cm2V−1s−1 was determined for carrier densities of a few 1011cm−2 in S1 device. This was
explained by a pollution or water that got in between the layers during the stack manufacturing. On the other hand,
carrier mobilities close to 100 000 cm2V−1s−1 and 70 000 cm2V−1s−1 at 4 K for holes and electrons respectively were
measured in S2 device. These higher carrier mobilities allowed observation of the QHE below 1 T and lift of both
spin and valley degeneracies of Landau levels at 18 T (see 26b)). Besides, typical features of the fractional ±4/3 state
can be observed at B = 19 T and T = 0.3 K.
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FIG. 26. a) Optical image of a h-BN encapsulated graphene Hall bar. b) Magnetoresistance curves measured at B=18 T.

2. Dissipation mechanisms in the QHE regime

The quantization of the Hall resistance in the QHE regime relies on the absence of backscattering: the two-
dimensional gas must be in a dissipation-less state[153]. At finite temperature and measurement current, a residual
level of dissipation exists and can be quantified by the measurement of the longitudinal resistance. The analysis of the
current and temperature dependencies of the longitudinal conductivity allows the determination of the mechanisms
of dissipation, i.e. of backscattering.

a. Temperature dependence It turns out that the temperature dependence of the conductivity can be explained
by the backscattering mechanism based on the variable range hopping (VRH), both in the low carrier mobility S1
and the high carrier mobility device S2. The temperature data can be fitted by the law of the VRH based on a

soft Coulomb gap, ∝ ( 1
T ) exp[−(T0/T )−1/2], where T0 = C e2

4πε0εrξ
, εr is the relative dielectric constant, ξ is the

localization length of bulk states and C = 6.2[154] is a numerical parameter related to percolation theory [155]. In
device S1 the maximal value of T0 amounts to about 1850 K at B=16 T. A similar value was found in a device [156]
of the same carrier mobility but made of graphene grown by chemical vapor deposition of propane/hydrogen on
SiC. Considering the different dielectric constants in both graphene materials, one finds a localization length about
three times lower in the SiC-based device than in the h-BN encapsulated graphene device. This can be explained
by the specific short range disorder caused by the buffer layer existing at the interface between graphene and SiC
substrate[156, 157]. On the other hand, the adjustment of data in the high carrier mobility device leads to a larger T0

value of about 40 000 K at B=10 T. This reflects a stronger temperature robustness of the dissipation-less state. For
comparison, let us remember that the highest T0 values were found around 10 000 K in devices made of graphene grown
on SiC [149, 158]. As for these devices, the localization length deduced from such large T0 value is found lower than

the magnetic length lB =
√
~/eB, which is not expected from the VRH theory. This disagreement seems to occur in

highly-robust dissipation-less state against temperature independently of the nature of the graphene material. Besides,
considering T0 values of both devices and those from previously characterized devices based on graphene grown on
SiC, we experimentally observe an increase of T0 as a function of the carrier mobility: the highest the mobility in the
range investigated, the highest the temperature robustness of the dissipation-less state.

b. Current dependence In the VRH theory based on a soft Coulomb gap, the longitudinal conductivity follows a
law∝ exp[−(I0/I)−1/2], where I0 is a current parameter linked to T0 according to the relationship T0 = I0

eRH
kB

(ξ/Weff),

where kB is the Boltzmann constant and Weff is the effective width over which the Hall voltage drops (in an homo-
geneous device, Weff is the sample width). The current effect can also be reduced to an effective temperature
Teff = I eRHkB (ξ/Weff) [159]. This implies that curves of conductivity obtained as a function of either temperature or
current can be superposed by converting current in an effective temperature using the former linear relationship. This
was already verified in graphene grown on SiC by chemical vapor deposition of propane/hydrogen [156].

In the h-BN encapsulated graphene devices, current curves cannot be superposed to temperature curves using an
effective temperature proportional to the current. On the other hand, superposition can be achieved using a modified
relationship by introducing an effective width decreasing linearly with an increasing current, Weff = WI=0(1−α×|I|),
where WI=0 is the effective width at zero current. WI=0 is found close to the sample width in S1 device at B= 16
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T (about 5 µm) and at a lower value (less than 1 µm) in S2 at B= 10 T. This tends to indicate that the Hall electric
field is more homogeneous in S1 than in S2. The current effect was also investigated by measuring the longitudinal
resistance as a function of I for both current directions and for various graphite gate voltages. A breakdown current Ic
(values up to 15 µA are found for B=10 T and T=10 K in S2) is defined by a given longitudinal resistance threshold
(Rxx > 0.1 Ω). Similar breakdown current densities around 4 A/m are found in S1 and S2 devices. The advantage
of a larger T0 temperature in S2 seems to be compensated by a lower WI=0 width. Surprisingly, for both devices
an inverse evolution of Ic is observed as a function of the gate voltage depending on the breakdown current polarity.
All these features can be explained by the relative effect of the Hall voltage to the graphite gate voltage. Given the
small distance (around 30 nm) of the graphite gate from the graphene layer, the applied gate voltages are indeed
small and comparable to the Hall voltages that develop for the significant currents of a few µA used for metrology
measurements. This implies that the current circulation induces a differential gate effect on each edge of the Hall bar:
Vg on one edge and Vg ± RH × I on the other edge. This leads to a transverse carrier density gradient which turns
into a transverse Landau level filling factor gradient in the QHE regime. Experimentally, this manifests not only by a
linear reduction of the effective width, Weff , of the integer (ν=2) quantized current strip as a function of the current
value but also by an effective gate shift proportional to the current which can explain the observed Ic evolutions as a
function of the gate voltage. It turns out that the usual triangular shape[160] of the breakdown current evolution as
function of the LL filling factor (or gate voltage) in a quantized plateau can be recovered by rescaling the gate voltage
according to the relationship Vg,eff = Vg ± sign(Ic)βRH × Ic, where β is a proportionality factor lower than unity. To
conclude, the electronic transport properties can be strongly impacted in devices equipped with a close gate by the
current-induced gate shift effect.

3. Hall quantization accuracy

Precision measurements of the longitudinal resistance per square Rxx were performed on the ν = 2 plateau using
a low-noise direct-current amplifier or a cryogenic current comparator (CCC)[161]. Values lower than 100 µΩ were
measured at B=16 T, T=0.3 K and I = 5 µA in S1 and at B=10 T, T=10 K and I = 5 µA in S2. This threshold value
corresponds to the value below which the Hall resistance is expected to be accurately quantized within a few 10−9

uncertainty in usual QHR devices, according to the metrological guidelines[162]. Let us remark that these resistance
values are obtained by subtracting longitudinal voltages measured for positive and negative currents. This procedure
allows cancelling parasitic voltage signals that we usually observe in graphene devices. Accurate measurements of the
Hall resistance performed using a CCC-based resistance bridge however show significant relative discrepancies to the
quantized value RK/2 amounting to a few 10−7 for both Hall bars. They are randomly distributed as a function of
gate voltage, temperature or current. A first explanation relies on the finite value of the resistance of edge contacts,
which amount to around percent of RH. In the Landauer-Büttiker theory, quantization errors are indeed predicted
if there is selective detection of non-equilibrium populations of edge states, which happens for imperfect adjacent
current and voltage contacts[163]. In metrology works, the discrepancies reported were found qualitatively increasing
with the contact resistance[160] However, their magnitude could not be predicted by the theory because they depend
on the experimental equilibrium rate of edge states[164]. Here, the impact of the resistance of contact could be
reinforced by the mesoscopic size of the devices. The current-induced gate shift could also be responsible for part
of the Hall resistance discrepancies. Independent accurate measurements of the Hall resistance as a function of the
gate voltage, performed either with a positive and a negative current in the high carrier mobility device, lead to two
shifted resistance plateaus. For a current of 5 µA, it does not exist any gate voltage ensuring quantization of the
Hall resistance both for positive and negative currents. The close gate has therefore a clear detrimental effect on the
measurement of the Hall resistance at large currents that can explain the discrepancies observed.

4. Current sensitivity in the QHE breakdown regime

The principle of the current detection consists in using the strong non-linear increase of the longitudinal resistance
at the QHE breakdown to detect a small current variation. In practice, the Hall bar is fed with a dc current used
to set the dissipation state and a small ac current at a frequency of a few hundred Hz is injected through another
terminal. The resulting increase of the ac longitudinal voltage is then detected. The ratio of the ac voltage to the ac
current gives a dynamic resistance. In the devices investigated, it is observed that the dynamic resistance increases
with the dc current but remains limited to a few thousands of ohms. This small dynamic resistance is explained by
the dissipation mechanism which is dominated by the VRH: no enough sharp increase of resistance, i.e. of dissipation,
is observed at the QHE breakdown. In future works, one could study the QHE breakdown in devices designed with
a width constriction to amplify the transverse Hall electric field so that the inter Landau level scattering mechanism
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could drive a sharper QHE breakdown[165–167]. Besides, it is observed an increase of the 1/f voltage noise power
with an increasing dc current. This noise increase can spoil the sensitivity gain of the ac current brought by the
dynamic resistance increase. Thus, small current detection requires measurement at frequencies large enough so that
1/f noise level is lower than the one of the voltage detector.

IV. IMPLEMENTATION OF INTERFEROMETRIC SENSING

The following section discusses two specific implementations of interferometric sensing developed in the spirit of
harnessing electron quantum optics for novel sensing applications. First, in section IV A there is an explanation of
how a form of interferometer well known in classical optics, the Fabry-Perot cavity, can be realised in an electronic
system. This can be used to measure time dependent potentials when driven with on-demand single electron sources.
Secondly, section IV B showcases an experiment which uses a Mach-Zehnder interferometer to sense the emission of
magnons, charge neutral spin waves, in a quantum hall ferromagnet. These examples nicely illustrate the power
of single electron interferometry, both for high bandwidth sensing of electromagnetic fields, but also an emerging
capability as a sensor in spintronic systems.

A. Single-electron interferences in Fabry-Perot cavities

Gwendal Fève and Hugo Bartolomei

We describe in this section how the electronic coherence of short single electron pulses generated at the input of an
interferometer can be exploited to probe time-dependent electric fields.

1. Principle of the experiment

The principle of electric field sensing by single electron interferometry is sketched in Figure 27.a). A first beam-
splitter splits electronic trajectories in two different paths that are recombined by a second beam-splitter. Inserting a
time-dependent electric field on one arm of the interferometer leads to a temporal modulation of the phase difference
between the two arms. Depending on this phase difference, electrons will exit the interferometer in output 3 or 4,
which can be detected by either measuring the average electrical current or by detecting individual electrons using
a single electron detector [1]. The time sampling of the electric field inside the interferometer can be performed by
generating single electron pulses of short temporal width at the input of the interferometer and recording the output
interference pattern as a function of the time delay between single electron emission and the time-dependent electric
field.

Electronic interferometers such as Mach-Zenhder interferometers [27, 168] can be defined using electrostatic gates
that are used as tunable electronic beam-splitters. In the presence of a strong magnetic field perpendicular to the
sample (integer quantum Hall regime), the electronic propagation can also be guided along the edges of the sample,
defining two distinct paths inside the interferometer with well-defined lengths. Figure 27.b presents the design of
an electronic Fabry-Perot interferometer in the integer quantum Hall regime. Two split gates called quantum point
contacts (QPCA and QPCB) act as tuneable beam-splitters scattering electronic waves with transmission amplitude
tA/B and reflection amplitude irA/B , where tA/B and rA/B are real coefficients. For rA, rB 6= 0, electrons can perform
several round-trips within the cavity of the Fabry-Perot interferometer, accumulating some phase ϕ related to the
Aharonov-Bohm phase inside the cavity. This phase can be modulated by the voltage applied on the gate of the
bottom part of the cavity (see Fig. 27.b). The time dependent electric field leads to a dynamical change of the area of
the interferometer leading to a dynamical change of the Aharonov-Bohm phase. The goal of the SEQUOIA project is
to demonstrate sensing of electric and magnetic fields using single electron wave packets with a time resolution below
1 ns and a space resolution of the order of 1 micron. The time resolution is limited by the width of electronic wave
packet whereas the spatial resolution is set by the size of the gate that is used generate the electric field.

2. Simple model of time-dependent electronic scattering

We describe here how a simple model of single electron scattering by a time-dependent scatterer can describe single
electron interference when the phase difference between two arms depends in time. The current Iout measured at
output 4 of the interferometer can be expressed as a function of electronic coherence (see Eq. (54)):
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FIG. 27. a) Principle of the experiment. Two beam-splitter define two paths for electron propagation. The electrical current at
a given output of the interferometer probes the phase difference between the two paths which can be dynamically varied when
a time-dependent electric field is generated at one arm of the splitter. using a single electron source of short temporal width,
the time dependent electric field can be sampled by measuring the output electrical current for different times of emission of
electrons inside the cavity. b) Implementation of the previously discussed sketch in a Fabry-Perot cavity defined in a two-
dimensional electron gas in the integer quantum Hall regime. Electronic propagation occurs along the ballistic chiral edge
channels (represented in red). Metallic split gates can be used as quantum point contacts used as electronic beam-splitters
of tunable transmission amplitude tA and tB . Applying the time dependent voltage V (t) on a plunger gate can generate a
time-dependent phase difference between the two interfering paths.

Iout(t) = −evF∆G(e)
out(t, t) = −evF

∫

R2

S∗(t, t1)S(t, t2)∆G(e)
in (t1, t2) dt1dt2 (102)

in which S(t, t′) describes the propagation of an electronic excitation from the input of the interferometer at time t′

to its output at time t. For the Fabry-Perot interferometer, it can be decomposed as a sum of paths involving an
increasing number of round-trips inside the cavity:

S(t, t2) ≈ −tAtBδ(t− t2 − τ1)− tAtBrArB ei
e
~
∫ t−τ0+τg
t−τ0

V (τ)dτδ(t− t2 − τ1 − τ0) + · · · , (103)

where τ1 is the time to go from point A to point B inside the cavity, τ0 is the time to make one round-trip inside
the cavity (from B back to B), and τg is the travel time below the gate. We assume in Eq. 103 that the expansion
of S(t, t′) as a function of the number of loops inside the cavity can be stopped at first order (one loop). This is a
reasonable hypothesis when one beam splitter is set to a small value of the reflection probability (rA, rB � 1) or
whenever electronic phase coherence is lost after one round trip inside the cavity. The time-dependent modulation of
the phase is related to the integration of the local electrical potential V (t) below the gate.

Finally, the computation of the output average current requires to know the value of the input coherence of the

Fermion field, ∆G(e)
in (t, t′). Expressing the input coherence in terms of electron and hole excitations is a complex task

in general [29, 169]. However, in the specific situation where a single electronic excitation is generated at the input of

the interferometer, ∆G(e)
in (t, t′) can be simply related to the emitted electronic wavefunction: ∆G(e)

in (t, t′) = ϕ∗(t)ϕ(t′).

Plugging these expressions of S(t, t′) and ∆G(e)
in in the expression of Iout(t), and introducing the transmission and

reflexion probabilities TA/B = |tA/B |2 and RA/B = |rA/B |2 of the two beam splitters, we obtain:

Iout(t)

−evFTATB
= |ϕ(t−τ1)|2 +RARB |ϕ(t−τ1−τ0)|2 +2

√
RARB<

[
ei
e
~
∫ t−τ0+τg
t−τ0

V (τ)dτϕ∗(t− τ1)ϕ(t− τ1 − τ0)

]
. (104)

The quantity of interest is the dc current at the output of the cavity, which is obtained after time average of Iout(t):

Iout, dc = −ef TATB
[
1 +RARB + 2

√
RARB <

(∫

R

eiφ(t)ϕ∗(t− τ1)ϕ(t− τ1 − τ0) dt

)]
, . (105)

where f is the frequency at which single electron wave packets are generated inside the Fabry-Perot cavity. The first
two terms in Eq. (105) are the classical transmission probability for the direct path from A to B and after one round
trip inside the cavity. The third term in Eq. (105) is the interference term that is sensitive to the time dependent
phase φ(t):

φ(t) =
e

~

∫ t−τ0+τg

t−τ0
V (τ)dτ (106)
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FIG. 28. a) Scanning electron microscope picture of the sample. Two quantum point contacts, QPC1 and QPC3 are used as
tunable beam-splitters. QPC2 at the center of the sample is used as a plunger gate voltage for changing the phase in a static
way (using Vdc) and in a dynamical way (using V (t)). b) Two-dimensional color plot of the transmission through the cavity as
a function of Vdc and magnetic field B. c) Two-dimensional color plot of the transmission through the cavity as a function of
Vdc and time delay between single electron emission and the periodic square voltage V (t).

A classical limit of Eq. (105) can be obtained in the limit of slow voltage variation, much slower than both τg, τ0. In
this limit, the phase φ(t) can be approximated by eτgV (t)/~. Considering narrow wave packets with a much shorter
duration than the temporal scale for the variations of φ(t) enables it to feel only the phase φ(t) for t = te, where te
denotes to the entering time into the Fabry-Perot cavity. In this regime of very short wave packets and slow variation
of the plunger gate voltage, Eq. (105) simplifies into:

Iout, dc = −ef TATB
[
1 +RARB + 2

√
RARB cos [φ(te)]

]
. (107)

Eq. (107) shows a direct relation between the output current and the time-dependent phase, allowing to sample the
time-dependent phase by modifying the electron emission time te. Although the phase is directly proportional to the
time dependent voltage, the relation between Iout, dc and the local voltage potential V (t) is non-linear due to the
cosine dependence on φ(te). A linear relation can be obtained by tuning the operation of the interferometer at the
value of the phase φ = π/2, which turns the cosine into a sine, and taking the small voltage limit:

Iout, dc ≈ −ef TATB
[
1 +RARB + 2

√
RARB

eτg
~
V (te)

]
(108)

At this operating point and within this regime, the interferometer can then be used as a voltage sampler whose time
resolution is limited by the width of the single electron wave packets.

3. Description of the results

The sample is represented on Figure 28.a. It consists in a Fabry-Perot cavity, as sketched on Fig. 27.b, implemented
in a two-dimensional electron gas of density ns = 1.1× 1015 m−2 and mobility µ = 1.4× 106 cm2V−1s−1. A magnetic
field B = 1.37 T is applied perpendicular to the sample in order to reach the integer quantum Hall effect at filling
factor ν = 3 where the current is carried by three edge channels. Two quantum point contact labeled QPC1 and
QPC3 are tuned to partially transmit the outer edge channel with transmissions TA and TB and fully reflect the two
inner channels. QPC2 at the center of the sample is used as a plunger, both for tuning the static value of the phase
using a dc gate voltage Vdc connected to the split gate at the bottom, and for applying the time dependent potential
V (t) at the top split gate.

Single electron emission is triggered by applying a periodic train of Lorentzian voltage pulses with a period of 1 ns
and a width of 35 ps. The amplitude of the pulses is calibrated such that each pulse contains one electron. It has
been demonstrated that in this regime and at very low temperature, a single electronic excitation is generated with
a wavefunction ϕ(t) of Lorentzian shape [23]. The periodic train of Lorentzian pulses is periodically modulated at
the low frequency of 1 MHz in order to detect the output dc current transmitted through the cavity using lock-in
detection.

Figure 28.b) presents the measurement of the transmission through the cavity as a function of the dc gate voltage
Vdc applied to the plunger and magnetic field B. As can be seen on the Figure, single electron interferences can be
seen as oscillations of the transmission as a function of Vdc. The amplitude of the oscillations is 0.18 and the contrast
of interference is approximately 0.4. The interference pattern seems almost not modified when the magnetic field is
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varied, as expected when charging effects of the bulk of the interferometer cannot be neglected and lead to a shrinking
of the interferometer area when the magnetic field is increased [170]. However, oscillations of the transmission as a
function of magnetic field can be observed with an amplitude reduced by a factor 7 and a period of 0.6 mT which is
perfectly consistent with a variation of the magnetic flux through the cavity of one flux quantum.

Having characterized single electron interferences through the Fabry-Perot cavity, we can move to the dynamical
variation of the phase by applying a periodic square voltage V (t) at a frequency of 1 GHz on the top split gate of
QPC2. Figure 28.c) presents the measurement of the transmission through the cavity as a function of the dc voltage
V (dc) (vertical axis) and the time delay (horizontal axis) between single electron emission and the periodic square
voltage applied to the top split gate. Taking a vertical cut of the color plot shows the oscillation of the transmission
as a function of the static phase difference for a given time delay. Around a time delay of 300 ps, we observe a sudden
shift of the interference pattern (with a phase shift which equals π/2). This reflects the fact that single electrons
are now sensing a different value of the electric field (or electrical potential) corresponding to a modified value of
the phase difference between the two paths inside the interferometer. The interference pattern then stays roughly
constant until, for a time delay of 800 ps, the interference pattern shifts again as the square voltage goes back to its
initial value. This plot shows that single electron pulses combined with single electron interferometry can be combined
to detect time-dependent electrical potentials with a resolution of tens of picoseconds limited by the width of single
electron wave packets.

B. Excitonic nature of magnons in a quantum Hall ferromagnet

Preden Roulleau and François Parmentier

When a perpendicular magnetic field is applied to a two-dimensional electron system like e.g. graphene, electrons
become distributed in energy on widely-spaced, highly degenerate Landau levels. The latter are the hallmark of the
so-called quantum Hall effect regime. At large enough magnetic field, the various symmetries underlying the Landau
levels (spin, valley, etc) can break, giving rise to well-separated sub-Landau levels that can be fully polarized in a
given symmetry. By tuning the electron density and the magnetic field such that only one spin-polarized sub-Landau
level is filled, one can effectively create a perfect ferromagnet, a system where absolutely all electron spins point in the
same direction. In monolayer graphene, such a perfect “quantum Hall ferromagnet” is obtained at filling factor ν = 1,
when spin and valley symmetries are broken by electronic interactions and only a single spin- and valley-polarized
electron channel can propagate along the edges of the sample (while the bulk remains insulating). Recent experiments
have shown that it is possible to excite the elementary bulk excitations of this peculiar ferromagnet, which are charge-
neutral spin waves, or magnons, simply by applying to the sample a drain-source potential larger than the Zeeman
energy. Many fundamental properties of these magnons remain to be observed and investigated. In particular, even
though they are magnetic excitations, magnons of a quantum Hall ferromagnet have an intrinsic excitonic nature, as
they carry an intrinsic electric dipole oriented perpendicularly to their propagation direction.

To observe this electric dipole, we have devised an experiment [151], described in Figure 29a, in which a stream of
magnons is emitted towards an electronic Mach-Zehnder interferometer realized in a graphene p-n junction, acting
as an ultra-sensitive electric dipole detector. The detection mechanism is two-fold: on the one hand, the stream of
magnons impinge on the interferometer with a given average angle, which depends on the position of the magnon
emission point relative to the interferometer. Depending on the value of this angle, the positive part of the electric
dipole might be closer to the interferometer than the negative part, or vice-versa (see insets in Figure 29a). This plays
the role of an effective local electrostatic gate, shifting the position of the interferometer’s two arms (central blue and
yellow arrows in Figure 29a) relative to one another, thus leading to a measurable phase shift of the interferometer.
On the other hand, the magnons are emitted randomly in time, and impinge accordingly on the interferometer. This
leads to rapid fluctuations in the electric field felt by the interferometer, which cause the amplitude of the interference
pattern to diminish.

We have confirmed this dual effect in the experiments (see Figure 29b), demonstrating the first observation of the
excitonic nature of magnons in a quantum Hall ferromagnet. Furthermore, the analysis of the results unveils several
elusive properties of the magnons; amongst them, the facts that the emission process is Poissonian (that is, magnons
are indeed emitted randomly in time), and that increasing the drain-source potential increases the magnons’ emission
rate rather than their energy.

The ability to couple magnetic excitations to quantum coherent conductors offers many exciting possibilities for
experiments probing new phenomena at the intersection of mesoscopic quantum physics and spintronics.
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FIG. 29. (a) Artist sketch of the experiment: a flake
of graphene is divided into two regions with opposite
p- and n- doping (blue and red areas), creating at their
interface an electronic Mach-Zehnder between the edge
channels of each region with same spin (blue and yel-
low arrows). An additional channel with opposite spin
(red arrow) also propagates in the right region but
does not play any role here. Magnons (wavy black ar-
rows) are emitted from a biased contact (E) towards
the interferometer. Depending on the propagation di-
rection relative to the interface (symbolized by the large
white arrows), the magnons’ electric dipoles (red and
white balls) can have different orientations when im-
pinging on the interface, as depicted in the insets. (b)
Electronic transmission TMZ across the interferometer,
measured versus bias voltage VE and magnetic field.
Above the bias voltage threshold (black dashed lines),
magnons are emitted and the interference patterns be-
come tilted and significantly blurred, indicating phase
shift and decoherence.
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Appendix A: Definitions and normalizations

Let us introduce the single-particle states |t〉 and |ω〉, normalized as

〈t|t′〉 = v−1
F δ(t− t′) (A1a)

〈ω|ω′〉 = δ(ω − ω′) (A1b)

which are related by

|t〉 =
1√

2πvF

∫
dω eiωt|ω〉 (A2a)

|ω〉 =

√
vF
2π

∫
dt e−iωt|t〉 (A2b)

There relations mirror into the following relations for the fermionic field operator

ψ(t) =

∫

R
c(ω) e−iωt dω√

2πvF
(A3)

in which the fermionic annihilation and creation operators c(ω) and c†(ω) obeying the canonical anti-commutation
relations {c(ω), c†(ω′)} = δ(ω − ω′).
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The single electron electronic Wigner distribution function can then be expressed as:

W (e)
ρ,x(t, ω) =

∫

R
vF

〈
ψ†
(
t− τ

2

)
ψ
(
t+

τ

2

)〉
ρ
eiωτ dτ (A4a)

=

∫

R

〈
c†
(
ω − Ω

2

)
c

(
ω +

Ω

2

)〉
ρ
e−iΩt

dΩ

2π
(A4b)

Let us consider time-dependent single particle scattering and recall the connexion between single particle scattering
and the linear relation between incoming and outgoing fermionic fields. We will discuss it in the |ω〉 basis but the
discussion can be adapted to any single particle state basis. The frequency representation of the single particle
scattering matrix is defined by Eq. (55):

cout(ω) =

∫

R
S(ω, ω′) cin(ω′) dω′ (A5)

which translates into

c†out(ω) =

∫

R
S(ω, ω′)∗ c†in(ω′) dω′ (A6)

Since |ω〉 is obtained by the action of c†(ω) on the true particle vacuum |∅〉, we thus obtain that

out 〈ω|ω′〉in = in 〈ω′|ω〉∗out = S(ω, ω′) (A7)

Consequently, since relating |ω′〉in to |ω〉out precisely involves the single particle scattering matrix S1p, we find

out 〈ω|S1p |ω′〉in = S(ω, ω′) (A8)
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memory of Markus Büttiker, Physica E: Low-dimensional Systems and Nanostructures, Vol. 82 (Elsevier, 2016).
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[86] M. Moskalets and M. Büttiker, Floquet scattering theory of quantum pumps, Phys. Rev. B 66, 205320 (2002).
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