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Abstract.
bandpass correction in spectrometer measurements using monochromators is
often necessary in order to obtain accurate measurement results. The classical
approach of spectrometer bandpass correction is based on local polynomial
approximations and the use of finite differences. Here we compare this approach
to an extension of the Richardson-Lucy method, which is well known in image
processing, but has not been applied to spectrum bandpass correction yet. Using
an extensive simulation study and a practical example, we demonstrate the
potential of the Richardson-Lucy method. In contrast to the classical approach,
it is robust w.r.t. wavelength step size and measurement noise. In almost all cases
the Richardson-Lucy method turns out to be superior to the classical approach
both in terms of spectrum estimate and its associated uncertainties.

submitted to: Metrologia
1. Introduction
In photometry and radiometry, broad-band (e.g. temperature radiators) as well as
narrow-band (e.g. LEDs) spectral power distributions have to be measured using array
spectrometers and (grating) monochromators. The observed spectral responsivity
can be modeled as the convolution of the spectrum of the light source with the
instrument’s line spread function (the mirrored bandpass function), multiplied by the
detector’s spectral responsivity [1–4]. In order to achieve a higher signal-to-noise ratio
(SNR) on the detector, it is often necessary to widen the monochromator slit, thereby
increasing the spectral bandwidth of the monochromator. However, this reduces
the spectral resolution and can cause spectral distortions. A deconvolution, based
on the monochromator bandpass function, is therefore often applied to reconstruct
the underlying spectrum of the light source from the measured data. The need for
correction of deviations caused by bandpass functions is not limited to photometric or
radiometric measurements, but can be found also in neutron spectrometry [5], X-ray
spectroscopy [6], gamma-ray spectroscopy [7] and other applications.
There is a strong demand for practical guidance on bandpass correction in metrological
and industrial applications, and the International Commission on Illumination has
set up the Technical Committee TC2-60 [8] with the aim of creating corresponding
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guidelines. To this end, a particular recommendation has been made in [4]. The
method recommended in [4] generalizes an approach proposed in the late 1980s. It
is based on local polynomial approximations of the sought spectrum as well as the
use of finite differences and has been put forward by several authors [1–3]. We call
this method the classical approach. In [4] potentials and drawbacks of this approach
are assessed in terms of an extensive simulation study. As a result, application of the
method is recommended for general bandpass functions over a wide range of spectrum
shapes and wavelength steps. However, the method is sensitive to measurement noise,
and it does not exclude unrealistic negative values of the spectrum.
A situation similar to that of spectrometer bandpass correction can be found in the
reconstruction of images [9]. There the reconstructed function has to be positive as
it encodes intensities. One iterative approach popular in the reconstruction of images
is the Richardson-Lucy method [10, 11]. This method dates back to the 1970s and
has been studied rigorously by many authors since then [9, 12–16]. The corresponding
algorithm is easy to implement, can be applied with general bandpass functions and
proves to be rather insensitive to measurement noise when applied together with a
suitable stopping criterion. Moreover, positivity of the solution is ensured provided
that the initial estimate is positive. To our knowledge, the Richardson-Lucy method
has not yet been applied to spectrometer bandpass correction.
In this paper we propose the application of the Richardson-Lucy method also to
spectrometer bandpass correction and we compare the performance of this method
with the classical approach [4]. The comparison is made in terms of simulated
spectrometer measurements for which the underlying spectrum is known. In addition,
both methods are compared in terms of their application to actual monochromator
measurements. Measurement uncertainty is a key issue in metrology, and we hence
apply the GUM [17] and its Supplement 2 [18] to calculate uncertainties associated
with the results of both methods. In doing so we assume that the methods do not
introduce systematic errors. The obtained uncertainties will also be considered in the
comparison of the two methods.
The results of our investigations suggest that the iterative Richardson-Lucy method
provides more accurate spectra and that it is less sensitive to noise in the measurements
than the classical approach. Uncertainties obtained for the former method tend to
be smaller than those achieved for the latter. For a wide range of conditions the
calculated uncertainties appear to be adequate. However, in some (extreme) cases
the methods introduce significant systematic errors which are not covered by our
uncertainty analysis. A disadvantage of the Richardson-Lucy method is that it is
iterative and that its results may depend on the number of iterations employed. For
these reasons we propose an automatic stopping criterion that proved robust and
which was applied throughout all our calculations.
The paper is organized as follows. In section 2 we outline the background of
spectrometer bandpass correction and put it into the context of deconvolution
problems. Deconvolution is a wide-spread task and many methods are available for its
treatment. We therefore briefly address these approaches and justify the choice of the
Richardson-Lucy method given the particular properties of our task. We then outline
the classical approach in section 3 and the Richardson-Lucy method in section 4.
For both methods we describe the determination of uncertainties. In section 5 we
compare the two methods in terms of extensive simulations covering a wide range of
relevant applications. We also apply both methods to monochromator measurements
and discuss the results obtained. We finally conclude with some recommendations

3

Deconvolution for bandpass correction

for spectrometer bandpass correction motivated by our findings. Technical support
for implementing the methods and some additional comparison results are given
in the Appendix. Furthermore, MATLAB R software implementing the proposed
Richardson-Lucy method is provided in an electronic supplement to this paper.
2. Background and assumptions
2.1. Spectrometer measurements
The relation between the sought spectrum S(λ) and the (noise-free) measured output
M (λ) of a spectrometer is given by
Z
M (λ) = S(λ̃)b(λ̃ − λ) dλ̃ ,
(1)
where b denotes the bandpass function characterizing the measurement device [4]. We
restrict ourselves to the often relevant case where the bandpass function depends on
the difference λ̃ − λ only, in contrast to the more general case of wavelength dependent
bandpass function considered, for instance, in [19].
The bandpass function generally introduces an increase in the width of absorption lines
and a decrease in amplitude. Figure 1 illustrates these effects for a common bandpass
function of a triangular shape. It is obvious that proper bandpass correction is needed
in order to enable accurate spectrum measurements. Note that asymmetric bandpass
functions additionally result in a wavelength shift of the measured spectrum.
1
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Figure 1. Left: true spectrum (black) and simulated ”‘measured”’ spectrum
(blue). Right: bandpass function.

2.2. Bandpass correction
bandpass correction aims at reconstructing the spectrum S(λ) from M (λ), given
relation (1) and the bandpass function b(λ̃ − λ). However, (1) is a Fredholm integral
equation of the first kind and the reconstruction task is generally an ill-posed inverse
problem [20]. That is, although model (1) is always bounded for bounded spectra
S(λ) and bandpass functions with bounded support, the inverse of (1), taken to
reconstruct S(λ), is generally unbounded. The treatment of ill-posed inverse problems
is challenging and requires some form of regularization. There are different ways to
tackle such problems, examples comprise the (local or global) approximation of S(λ) by
some parametric model [5, 21], or the application of classical regularization approaches
such as Tikhonov regularization [20].
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Another ansatz is to view the measurement model (1) as a convolution. This
follows directly from replacing the bandpass function in (1) by its reversed version
←

b (λ − λ̃) = b(λ̃ − λ):
←

M (λ) = (S∗ b )(λ) =

Z

←

S(λ̃) b (λ − λ̃) dλ̃.

(2)

Hence, the task of bandpass correction is a deconvolution problem for which a large
variety of methods is available, see for example [5, 22, 23] and references therein.
For linear estimation, the well-known Wiener deconvolution method is optimal in a
root-mean-squared error sense provided that the measured and sought spectrum can
be modeled as stationary stochastic processes with known power spectral densities
[23, 24]. However, when these assumptions are not (fully) met, other methods can
be superior to the Wiener filter [13]. Often deconvolution filters are designed as a
combination of an inverse filter and some suitable low-pass filter [25, 26]. Yet we
found such an approach less efficient in our task as the required filter order turned
out to be too high to be practical. The reason for the required large filter order is
probably the non-smooth behavior of the bandpass function.
Deconvolution problems involving non-smooth functions and the requirement of
positivity are also met in the reconstruction of images for which corresponding methods
have been developed for a long time [9]. One such method which proved to be very
efficient in our studies is the Richardson-Lucy method [10, 11].
2.3. Assumptions
We assume that K measurements (1) are given according to
Z
M (λk ) = S(λ̃)b(λ̃ − λk ) dλ̃ + ek
k = 1, . . . , K ,

(3)

where ek denote the measurement errors. We assume that these errors can be modeled
as realizations of zero-mean Gaussian random variables E1 , . . . , EK with a known
covariance matrix VE . In addition to the measurements in (3) information about the
bandpass function shall be given in terms of the estimates
b̂(λj ) = b(λj ) + eb,j

j = −N1 , . . . , N2 ,

(4)

where eb,j denotes the error in the given estimate b̂(λj ). We model eb,j as realizations of
zero-mean Gaussian random variables Eb,1 , . . . , Eb,N with a known covariance matrix
VEb . The entries of this matrix are the covariances of the measured bandpass function
values at different wavelengths. Knowledge about M and b is assumed to be obtained
independently.
3. The differential operator approach
3.1. Method
In [4] an approach for spectrometer bandpass correction based on differential operators
is derived as a generalization of the method proposed in [27]. The derivation is based
on local Taylor series expansion around the individual λk
1
S(λ) = S(λk ) + (λ − λk )S ′ (λk ) + (λ − λk )2 S ′′ (λk ) + · · · .
2

(5)
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By plugging (5) into the measurement model (1) and using the notation
Z
In = λn b(λ)dλ ,

5

(6)

the following expression for the measured spectrum M (λ) in the neighborhood of λk
is obtained
1
M (λ) = I0 S(λk ) + (λ − λk )I1 S ′ (λk ) + (λ − λk )2 I2 S ′′ (λk ) + · · · . (7)
2
For the derivation of a general expression for the estimate S̃(λ) equation (1) can be
written in operator form as M = (1 + C)S with the differential operator C and the
inverse operator F so that in line with [4]
S(λk ) = F M (λk ) = θ0 M (λk ) + θ1 M ′ (λk ) + θ2 M ′′ (λk ) + . . . .

(8)

In [4] the usage of finite differences is employed for the calculation of the derivatives,
with finite differences chosen as compatible to the polynomial order. For a sufficiently
small polynomial order, the formula for the calculation of the estimate Ŝ(λk ) is then
obtained by simple algebra.
Final formulae are provided in [4] when approximating M (λ) with local polynomial
orders of 2 and 4, resulting in a 3-point and 5-point correction formula, respectively.
The estimate S̃(λk ) is then calculated by one of the following formulae
S̃3 (λk ) = a3,−1 M−1 + a3,0 M0 + a3,1 M1 ,
S̃5 (λk ) = a5,−2 M−2 + a5,−1 M−1 + a5,0 M0 + a5,1 M1 + a5,2 M2 ,

(9)
(10)

where M±q = M (λk ± qδM ) with δM the wavelength step in the measurement, and
and the aij depend on the moments of the bandpass function and on the measurement
step size δM . In the remainder of this paper we will refer to the application of these
formulae as the DO3 and DO5 method, respectively.
Note that the above differential operator approach is not a regularization method [20].
In the original approach proposed in [27] the wavelength step size was determined
by the bandwidth of the bandpass function. In the generalized differential operator
approach proposed in [4], the interval for the polynomial approximation is determined
by the wavelength step size and the chosen finite difference scheme. As a result,
the local polynomial approximation is applied to a region around λk which shrinks
when δM becomes finer. While for finite δM the method locally restricts the form
of the spectrum (and thus induces a kind of regularization), this holds no longer as
δM → 0. Consequently, as the problem is ill-posed, the method then fails. Actually,
the coefficients aij grow without bound as δM → 0, and this implies amplification
(without bound) of errors in the measurements. This has been mentioned in [4], and
accordingly pre-smoothing of the measurements or the use of a larger wavelength step
size for the polynomial approximation is recommended. Another approach would be
to extend the differential operator approach so that the polynomial approximation is
carried out on an interval determined by the bandwidth of the bandpass function as
in the original approach. An analysis of the properties of such an extension will be
presented elsewhere.
3.2. Uncertainty evaluation
Let Mk denote the measured value M (λk ) at wavelength λk for k = 1, . . . , K. The
model of evaluation for the application of bandpass correction using the DO3 method
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is given by
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and that for the DO5 method is given by
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(11)





 · a5 ,



(12)

where the coefficient vectors a3 and a5 are calculated from knowledge about the
bandpass function b and δM . The coefficients are independent of the actual
measurement. Note that S3 contains the reconstructed spectrum at λ2 , . . . , λK−1 , and
S5 at λ3 , . . . , λK−2 . For subsequent calculations and comparisons we will therefore
consider only the wavelengths λ3 , . . . , λK−2 . Note further that the above models
assume that the reconstruction errors introduced by the differential operator approach
are negligible. If this is not true, calculated uncertainties are underrated. In that case
the models would need to be augmented by correction terms whose estimation requires
additional knowledge about the sought spectrum, cf. [28].
Knowledge about the input quantities is assumed to be given as described in
section 2.3. Following [18] we assign multivariate normal distributions N (b̂, VEb )
and N (M̂, VE ) to model our state of knowledge about the values of b =
(b(λ−N1 ), . . . , b(λN2 ))T and M = (M (λ1 ), . . . , M (λK ))T , respectively. Since we
assume the covariances to be zero, the covariance matrices are diagonal with (VEb )jj =
var(Eb,j ) and (VE )ii = var(Ei ), respectively. Note that, strictly speaking, the
above multivariate normal distributions are truncated to account for non-negativity.
Knowledge about the input quantities is assumed to be obtained independently,
and hence the joint distribution of the input quantities has the density p(b, M) =
p(b)p(M). Note that in equations (11) and (12) the Mk as well as the aj are uncertain.
The aj are calculated from the bandpass function values and the wavelength step size
using the nonlinear equations provided in [4]. An uncertainty evaluation in line with
GUM [17] for equations (11) and (12) thus requires a propagation of the uncertainty
associated with the values of b to an uncertainty associated with the values of the
aj . This uncertainty propagation can be carried out easily by using the Monte Carlo
technique described in [18].
We propose that the evaluation of measurement uncertainty is carried out as a
propagation of probability distributions through the corresponding model of evaluation
using the Monte Carlo technique described in [18]:
(i) Draw samples b(ℓ) and M(ℓ) from p(b, M).
(ii) Calculate the vector of coefficients a(ℓ) .
(iii) Apply the DO estimation formula (11) or (12) to calculate the estimate S(ℓ) .
The above steps are carried out L times, with L being sufficiently large to achieve a
sought accuracy [18, 29]. The multivariate PDF p(S), from which the S(ℓ) constitute
independent draws, then encodes the state of knowledge about the measurand S. The
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estimate and its associated covariance matrix are calculated from the K samples S(ℓ)
as
L
1 X (ℓ)
Ŝ =
S
(13)
L
ℓ=1

L

VŜ =


T
1 X  (ℓ)
S − Ŝ S(ℓ) − Ŝ .
L−1

(14)

ℓ=1

The diagonal elements of VŜ are the squared standard uncertainties associated with
the corresponding element of Ŝ. In addition, coverage intervals for single elements of Ŝ
can be calculated from the Monte Carlo samples as described in [18]. In some cases the
sought accuracy may require a very large number of Monte Carlo runs (≈ 106 ) which
may be impossible on standard computers due to memory issues. To this end, efficient
updating formulae for the mean, covariance and approximate point-wise histograms
or a sequential application of Monte Carlo can be carried out instead [30].
4. The Richardson-Lucy method
The Richardson-Lucy method is an iterative deconvolution method originally
developed in the field of astronomical image restoration [10, 11]. The starting point
is the observation that the convolution (2) results in a signal M (λ) which deviates
from the original signal S(λ) due to the properties of b(λ̃ − λ). This deviation can be
expressed, for instance, in terms of a difference M (λ)− S(λ) or a quotient M (λ)/S(λ).
The difference is the basis for the so called Van-Cittert method and its extensions
[9, 31]. The quotient is the starting point for multiplicative correction methods like
the so-called Gold’s method [32] or the Richardson-Lucy method [10, 11] considered
here. We implemented [9–11, 31, 32] and found the Richardson-Lucy method to be
superior for our application.
Convergence of the Richardson-Lucy method to a maximum-likelihood solution has
been proven for Poisson-distributed measurement noise [12, 16]. However, for
deconvolution tasks the maximum-likelihood solution is not desirable and some
regularization is required [9, 11]. To this end, the Richardson-Lucy method is generally
not iterated until convergence, but stopped earlier. This premature stopping then
acts as a kind of regularization. Strictly viewed it is not the Richardson-Lucy method
(applied until convergence) but the iterative Richardson-Lucy update scheme together
with a stopping rule (and, actually, the initial estimate) that we consider. Nonetheless,
we will loosely refer to the method as the Richardson-Lucy method.
4.1. Iteration scheme
←

The convolution ( b ∗S) can be implemented either as quadrature formula for the
←
approximation of the convolution integral or as a convolution of the vectors b and
S. Note that in the latter case the (continuous) bandpass function values b(λ) have
to be replaced by the discrete function values bd (λk ) = δb b(λk ) with δb denoting
the wavelength step size. This corresponds to an application of the impulse invariance
technique for the discretization of LTI systems [33]. Let bd = (bd−N1 , . . . , bdN2 )T denote
the discretized bandpass function. We assume that δb = δM , which can be achieved,
for instance, by interpolation of the measured spectrum M (λ) if necessary, cf. the
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Appendix. The Richardson-Lucy update scheme can then be outlined as follows using
the measured spectrum M (λ) as the initial estimate S̃.
(i) With S̃ as the estimate of the spectrum S, calculate the estimated measured
spectrum
←

M̃ (λk ) = (S̃∗ b )(λk ) =

N1
X

S̃k−j bd−j

k = 1, . . . , K,

j=−N2
←

where b the mirrored bandpass function and S̃k−j = S̃(λk − jδM ) with δM the
wavelength step size for M , S̃ and b.
(ii) Calculate the correction factor as the quotient of the actual measurement and the
estimated measurement
M (λk )
k = 1, . . . , K
Q(λk ) =
M̃ (λk )
(iii) Convolve the correction factor Q with b(λ), resulting in the damped correction
term
N2
X
R(λk ) = (b ∗ Q) (λk ) =
Qk−j bdj k = 1, . . . , K ,
j=−N1

(iv) Multiply the damped correction term with the current estimate S̃ to obtain the
updated estimate
S̃ + (λk ) = S̃(λk ) · R(λk ) k = 1, . . . , K.
This process is carried out iteratively with new estimate in the first step being the
updated estimate obtained in the last step. This results in the calculation scheme


N2
X
M
k−j
,
(15)
S̃ r+1 (λk ) = S̃ r (λk ) 
bdj PN1
r
d
S̃
b
l=−N2 k−j−l −l
j=−N1

with r denoting the iteration number.
Note that, in practice, calculation of the correction factor may result in division by
zero or very small values. As a safeguard, one may then set the corresponding ratio
to zero, assuming that the spectrum has zero value at this wavelength. A tolerance
value η (for the denominator) may be chosen as the machine precision of the employed
computer.
For our calculations we used – as an initial guess – the measured spectrum, i.e. S0 = M.
Since the bandpass function b is non-negative, the Richardson-Lucy method preserves
non-negativity. In our case non-negativity of the reconstructed spectrum is thus
ensured by the fact that the measured spectrum, i.e. the initial estimate of the
spectrum, is non-negative.
4.2. Stopping rule
Several approaches have been proposed to determine an automatic stopping criterion,
see, e.g., [12, 16]. From our investigations, the following criterion, which is similar to
the so-called L-curve method [34] in classical regularization, proved to work well in
our applications. The criterion is illustrated in Fig. 2 and is described in detail below.
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Figure 2. Example of evolution of the convergence criterion (16) and the
curvature of that curve.

We consider the measure
v
u
K 
2
u1 X
r
δ S̃ = t
S̃ r (λk ) − S̃ r−1 (λk )
K

(16)

k=1

for the change in the estimated spectrum during one iteration versus the iteration
number (lower curve in Fig. 2). The first part, constituting the initial iterations,
indicates rapid changes in the estimates which improve the fit of significant features
in the measurements. These iterations are thus expected to improve the estimates.
In the second part the changes significantly slow down and appear to fit the noise
rather than existing features in the measurements. Thus, this curve resembles an
L-curve, having two parts. The goal is to determine that iteration which separates
these two parts. As in classical regularization, this point is the one of maximum
curvature [34]. Thus, we calculate the curvature of the criterion (16) for a certain
number of iterations (see upper curve in Fig. 2) and choose the solution S̃(λ) for that
iteration which maximizes this curvature. The robustness and good performance of
this criterion for the considered bandpass correction problem is demonstrated by the
positive results obtained for the extensive simulations carried out for varying scenarios.
4.3. Uncertainty evaluation
The evaluation of measurement uncertainty for the Richardson-Lucy method is carried
out in the same way as for the DO methods:
(i) Draw samples b(ℓ) and M(ℓ) from p(b, M).
(ii) Calculate the estimate S(ℓ) .
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These steps are carried out L times. The multivariate PDF pS (S), from which the
S(ℓ) constitute independent draws, then encodes the state of knowledge about the
measurand S. The estimate and its associated covariance matrix are calculated from
the L samples S(ℓ) according to (13) and (14). Note that the automatic selection of
the number of iterations (15) was applied in each single Monte Carlo run.
When the wavelength step size, at which the bandpass function and the measured
spectrum are given, differ, interpolation (on one of them) is needed to apply the
Richardson-Lucy iteration scheme. In that case, the applied interpolation needs to be
included into the steps of the Monte Carlo procedure as well, i.e. for each run the
interpolation scheme is employed.
5. Comparison
5.1. Simulations
For our simulations the variances of the errors ek and eb,j in equations (3) and (4)
were chosen as shown in Fig. 3, and all covariances were set to zero. The employed
variances reflect variations typically observed in repeated measurements.
Measured spectra and bandpass functions were simulated for equidistantly chosen
wavelengths. The application of the Richardson-Lucy method requires that the
wavelength step sizes δM and δb for the measurement and the bandpass function
are equal. Where necessary, we ensured this by an interpolation of the ”‘measured”’
spectrum.
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Figure 3. Relative standard deviations for the measured spectrum in Fig. 1 (left)
and for the estimate of bandpass function in Fig. 1 (right).

Throughout all simulations the Gaussian spectrum and the symmetric bandpass
function shown in figure 1 were used as the starting point. A single simulation
was carried out as follows: first a ”‘clean measured”’ spectrum was generated using
(2) for a Gaussian spectrum and a triangular (symmetric) bandpass function. To
this ”‘clean measured”’ spectrum Gaussian errors were then added with the realistic
variances indicated in Fig. 3. The resulting ”‘measured”’ spectrum was provided for
the analysis, along with an uncertain bandpass function. The uncertain bandpass
function was obtained by adding Gaussian errors to the underlying bandpass function
with the realistic variances also indicated in Fig. 3. The data, i.e. the simulated
measured spectrum and the uncertain bandpass function, were then analyzed by both
methods. Figure 4 shows the results of a single simulation. When no correction is
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applied, significant differences between the ”‘measured”’ and the underlying spectrum
are observed. For the Richardson-Lucy method the differences between the estimated
and the underlying spectrum are smaller and well covered by calculated uncertainties.
The results for the DO methods are somewhat in between, i.e. they improve the
measurement, but associated uncertainties do not fully cover the differences.
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Figure 4. Top-left: ”‘measured”’ spectrum (dotted magenta) and underlying
spectrum (black), together with the reconstructed spectra obtained by the
Richardson-Lucy method (blue), the DO3 method (green) and the DO5 method
(red). Top-right: bandpass function used for simulation of measurement. Bottomleft differences between ”‘measured”’ spectrum and underlying spectrum (black)
and between Richardson-Lucy estimate and simulated spectrum (blue). Bottomright: differences between the DO estimates (DO3: green, DO5: red) and the
simulated spectrum. All differences are accompanied by 95 % coverage intervals.

In order to cover different scenarios, both the Gaussian spectrum and the bandpass
function, were generated using various full-width-half-maximum (FWHM) values.
Note that for triangular bandpass functions the FWHM value is equal to the halfwidth of the triangle base. Altering of the FWHM values was done by varying
the corresponding width, i.e. the standard deviation of the Gaussian spectrum
or the slope of the flanks of the bandpass function, respectively. Note that the
corresponding variances (Fig. 3) were accordingly adjusted. Figure 5 shows the
corresponding summarized results. That is, each point in Fig. 5 corresponds to one
analyzed spectrum. The summarized results contain the rms error of the reconstructed
spectrum
v
u
L
K−2
u1 X
X
2
1
t
rms =
S (ℓ) (λk ) − S(λk ) ,
(17)
L
K −4
ℓ=1

k=3
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where L denotes the number of Monte Carlo trials and K the number of measured
spectrum values. The value (17) indicates the accuracy that can be expected in the
reconstruction of the underlying spectrum. In addition, the mean uncertainty
v
u
u 1 K−2
X

(18)
VŜ kk
umean = t
K −4
k=3

was calculated. Ideally, the ratio of the rms errors and mean uncertainties should
be in the order of 1. Values smaller than 1 indicate that uncertainties are larger
than the root-mean-squared reconstruction errors. Larger values, on the other hand,
indicate that uncertainties are underrated, for instance, due to systematic method
errors neglected in the uncertainty analysis.
The results of the methods, and in particular those of the DO methods, depend on
the chosen wavelength step size, δM . We chose δM as 0.3 · F W HM where F W HM
refers to the underlying spectrum. The rationale is that δM should be chosen so as
to be small enough to enable detection of structures. On the other hand, the DO
methods deteriorate when δM decreases. The chosen δM hence balances between the
capability of reconstructing existing features of the spectrum and not penalizing the
DO methods. Thus, different δM are underlying the results shown in Fig. 5. However,
for each FWHM value, the same δM has been applied for all correction methods to
ensure that all methods rely on the same measurement information.
The results in Fig. 5 show root-mean squared reconstruction errors (17) and the
quotient of rms errors and calculated mean uncertainties (18). In figure 5 the dark red
color indicates large errors and underrated uncertainties, respectively. The dark blue
color correspondingly indicates small errors and reliable uncertainties, respectively.
From Fig. 5 it can be seen that the reconstruction methods improve the ”‘measured”’
spectrum over a large range of FWHM values. Mean uncertainties match rms
errors best for the Richardson-Lucy method and worst when no correction is made
(right column in Fig. 5). For the latter case uncertainties were simply taken as the
uncertainties associated with the ”‘measured”’ spectrum. Interestingly, while the
DO3 method appears to give results similar to the DO5 method, mean uncertainties
obtained for the latter method better match rms errors than those obtained for
the former. Note further that for all methods, except DO5, mean uncertainties do
not match rms errors when the FWHM of the spectrum is small compared to the
FWHM of the bandpass function. The reason is that in this case systematic errors
of the methods, which are not accounted for by the calculated uncertainties, become
dominant. Uncertainties for the DO5 methods for these cases are very high due to
noise amplification and thus systematic errors do not dominate. Noise attenuation
by the application of larger wavelength step sizes, on the other hand, would in these
cases strongly violate the sampling theorem of signal processing [33]. Hence, although
uncertainties are not underrated for the DO5 method its result is worse than that for
the other two reconstruction methods.
In order to investigate the influence of the wavelength step size δM , Fig. 6 shows
the results when δM is varied together with the FWHM of the underlying spectrum.
When no correction is applied no dependence on δM is observed, as expected. A
similar behavior can be seen for the Richardson-Lucy method. The results for the DO
methods, on the other hand, depend on δM . The reason is that when δM becomes
small these methods strongly amplify errors in the ”‘measured”’ spectrum. Note
that this effect is significantly more pronounced for the DO5 method. Altogether,
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Figure 5. Left: rms errors in dependence on FWHM of underlying spectrum and
bandpass function for the following estimation procedures: no bandpass correction
(top), Richardson-Lucy method (2nd row), DO3 method (3rd row) and DO5
method (4th row). Right: ratio of rms errors and mean uncertainties.

the Richardson-Lucy method again yields the best reconstruction accuracies, and its
results always improve the ”‘measured”’ spectrum. Interestingly, this does not hold
for the DO methods which can, for small δM , worsen the ”‘measured”’ spectrum; this
result is in accordance with observations made in [4]. Further comparison results are
given in the Appendix.
5.2. Monochromator measurements
Fig. 7 and 8 show the results for monochromator measurements together with a
reference measurement of the spectrum. The reference measurement was obtained
from a different setup for which a monochromator slit width had been used which is
smaller by a factor of 10. The FWHM value of the corresponding bandpass function
is smaller by a factor of 4, see Fig. 7. Therefore, that measured spectrum is expected
to be (much) closer to the true underlying spectrum.
From the results of Fig. 8 we conclude that bandpass correction is necessary here, i.e.
all methods appear to improve the measured spectrum significantly. By looking at
the differences between the estimates and the reference spectrum one may conclude
that the Richardson-Lucy method (rms ≈ 0.011) performs better than both the
DO3 (rms ≈ 0.018) and the DO5 method (rms ≈ 0.016). However, even the
Richardson-Lucy method shows significant deviations from the reference spectrum
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Figure 6. rms errors in dependence on the FWHM of the underlying spectrum
and the wavelength step size δM for the following estimation procedures: no
bandpass correction (top), Richardson-Lucy method (2nd row), DO3 method
(3rd row) and DO5 method (4th row). right: ratio of rms errors and mean
uncertainties.
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(black), together with the reconstructed spectra obtained by the RichardsonLucy method (blue), the DO3 method (green) and the DO5 method (red). Right:
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the actual measurement (blue).

at some wavelengths. One reason may be that this situation already corresponds
to one where systematic errors of the estimation method not accounted for in the
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Right: differences between the DO estimates (DO3: green, DO5: red) and the
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calculated uncertainties become relevant. For instance, the underlying spectrum may
have FWHM value much smaller than that of the bandpass function. Due to the
presence of measurement noise, the Richardson-Lucy method can thus not reconstruct
the underlying spectrum correctly and a systematic error remains. Another reason
for the deviations seen in Fig. 8 might be that uncertainties associated with the
employed bandpass function or the measured spectrum are underrated. Note that the
reconstruction carried out by the DO methods used only a suitably chosen fraction
of the measured spectrum in order to keep noise amplification small. In contrast, the
Richardson-Lucy method uses all measured points.
6. Conclusions
bandpass correction in spectrometer measurements is often necessary in order to obtain
accurate measurement results. A classical method in the field of monochromator
measurements is the method of local polynomial approximation and the use of finite
differences. Here we compared this approach to an iterative deconvolution method,
the so-called Richardson-Lucy method, which originates in image reconstruction. A
difficulty in the application of iterative deconvolution methods is the number of
iterations. To this end, we proposed an automatic stopping criterion, which in our
studies turned out to be very robust. A limitation of the Richardson-Lucy method
compared to the classical approach is that it requires the wavelengths step sizes in the
bandpass function values and the measured values, respectively, to be equal. To this
end, we propose an interpolation of the measured values such that the interpolated
values match the wavelengths step size of the bandpass values.
We assessed performance of the bandpass correction methods by means of extensive
simulation studies covering a wide range of practical aspects. In addition we
compared both approaches using actual monochromator measurements. From our
studies we conclude that the Richardson-Lucy method is superior to the classical
differential operator approach in almost all cases. Moreover, we found the RichardsonLucy method together with the proposed stopping rule more robust with regard to
measurement noise than the classical approach. As a result of its robustness with
regard to measurement noise, the Richardson-Lucy method almost always improves
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the measured spectrum. This does not hold for the differential operator approach.
In our simulations we found the uncertainties, neglecting errors of the methods, to
be adequate for a wide range of situations. However, this holds no longer when the
FWHM value of the underlying spectrum is very small compared to both the FWHM
of the bandpass function and the chosen wavelength step size in the measurement. The
differential operator approach breaks down for small values of the wavelength step size
δM due to the resulting noise amplification. In contrast, the Richardson-Lucy method
appears to be rather insensitive to the value of the wavelength step size as long as the
sampling theorem of signal processing is not violated strongly.
As a conclusion from our findings we recommend the Richardson-Lucy method for
spectrometer bandpass correction.
7. Appendix
7.1. Further comparisons
In order to improve comparability to the results for the DO methods presented in [4],
we also calculated the ”‘modulated transfer function”’ using sinusoidal signals and
compared the amplitude quotient of the reconstructed sinus, cf. [4]. The result is
shown in Fig. 9, where it can be seen that the Richardson-Lucy method performs
significantly better than the DO methods. However, usage of sinusoidal signals for
symmetric bandpass functions does not provide a realistic assessment of a bandpass
correction method, since the drop in reconstruction quality at normalized frequency
equal to 1 is solely due to the symmetry of the bandpass function. To this end, one
may compare the methods in the Fourier domain. Therefore, in Fig. 9 also shows the
amplitude of the Fourier transform of the reconstructed signal for a scenario similar
to that in Fig. 1 with a FWHM value of 20 nm for the bandpass function and 8 nm for
the Gaussian-shaped input spectrum and with the simulated measurement noise as
shown in Fig. 3. From Fig. 9 it can be seen that the Richardson-Lucy method results
in less noise amplification and significantly better reconstruction quality.
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7.2. Interpolation and sub-sampling
The application of the Richardson-Lucy method requires the wavelength step size in
the measurement of the bandpass function and the spectrum itself to be equal, i.e.,
δM = δb . The result of the DO methods on the other hand can often be improved
by considering only a sub-sample of the measured values for the reconstruction. This
may require interpolation and sub-sampling of measured values, respectively. Both
are standard procedures in the literature. However, measurement uncertainty has
to be propagated through this process as well. According to GUM-S2 [18] state of
knowledge about the measured values is expressed in terms of an assigned stateof-knowledge probability distribution. For the multi-dimensional cases considered
here this is a multivariate distribution. Sub-sampling of the measured values then
corresponds to a reduction of dimension and calculation of the marginal multivariate
distribution. For a multivariate normal distribution this can be carried out simply by
canceling the corresponding elements of the mean vector and the covariance matrix.
In general, sub-sampling of a random vector X can be achieved by sampling from
the full multivariate distribution pX (x) for x = (x1 , . . . , xN )⊤ resulting in samples
(ℓ)
(ℓ)
(x1 , . . . , xN )⊤ for ℓ = 1, . . . , L. The marginal multivariate distribution of the subsampling is then obtained by leaving out the corresponding entries of the multivariate
samples xr . Note that in order to avoid aliasing effects due to the sub-sampling
of signals a low-pass filtering may be required before the actual sub-sampling [33].
Evaluation of uncertainty then has to be carried out using Monte Carlo simulations [18]
to propagate uncertainty also through the application of the low-pass filter.
For interpolation, uncertainty evaluation is also most conveniently carried out by using
the Monte Carlo technique described in GUM-S2 [18] with the measurement model
given by the process of interpolation. However, for some specific cases formulae for the
application of linearized uncertainty evaluation in line with GUM [17] can be found,
for instance, in [35, 36].
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