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Novel mathematical & statistical approaches to uncertainty evaluation 
 

Overview 

Measurement uncertainty evaluation is fundamental to metrology because without it no assessment of the 
reliability of a measurement can be given and no comparisons of measurement results, either among 
themselves or with reference values given in a specification or a standard are possible. The project has 
established ways of dealing with uncertainty in three different cases which are not covered by the guidelines 
in the definitive international document on uncertainties, the Guide to the expression of uncertainty in 
measurement (GUM)1, or its supplements: (i) regression and inverse problems; (ii) uncertainty evaluation for 
computationally expensive models and (iii) conformity assessment and reliable decision making. This project 
developed new mathematical and statistical approaches which will be important for many new metrology 
applications such as biochemistry, biotechnology and transport processes. New guidelines have been issued 
for the three situations, with generic advice and a number of useful case studies. MATHMET – A European 
Centre for Mathematics and Statistics in Metrology has been founded during the project and will serve as a 
future platform for European cooperation in mathematics for metrology (see www.mathmet.org for more 
details). 

Need for the project 

The evaluation of measurement uncertainty is a critical part of quality management systems in all industries 
that employ measurement technology. Inaccurate evaluation of measurement uncertainty has important 
economic consequences for calibration and measurement activities. In calibration reports, the magnitude of 
the uncertainty is often taken as an indication of the quality of the laboratory, and smaller uncertainty values 
generally are of higher value and of higher cost.   

In many cases best practice is covered by the existing GUM guidelines. There are, however, commonly 
encountered situations for which the GUM guidelines are not suitable. Development of guidance for these 
situations presents a significant mathematical challenge but brings benefit to a wide range of end users in 
fields such as biochemistry, biotechnology, transport processes, industry and regulation.  The situations 
considered in this project were inverse and regression problems, uncertainty evaluation in computationally 
expensive problems and the role of measurement uncertainty in conformity assessment (i.e. testing 
compliance with standards) and decision making. 

The current lack of guidelines means that in some cases uncertainty is not being considered, which can 
potentially lead to risky decisions. In other cases they are over-estimating uncertainty in order to be safe, and 
so better uncertainties would reduce costs. The lack of uncertainty evaluation can be a barrier to use of 
mathematical models as part of certification processes (e.g. aerospace) which would reduce R&D costs. 

The specific needs require a co-ordinated effort to obtain reliable uncertainties, to ensure harmonisation and 
to develop a consistent application framework throughout Europe. A long-term infrastructure, such as a 
European Centre, to enable cooperation on mathematical and statistical topics relevant to metrology is 
needed to ensure dissemination of mathematical and statistical expertise for uncertainty evaluation for 
European NMIs and European industry.  

 

                                                           
1 The GUM is published jointly by: Bureau International des Poids et Mesures (BIPM); International Electrotechnical 
Commission (IEC); International Federation of Clinical Chemistry (IFCC); International Organization for Standardization 
(ISO);International Union of Pure and Applied Chemistry (IUPAC);International Union of Pure and Applied Physics 
(ISPAP); International Organization of Legal Metrology (OIML) 
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Scientific and technical objectives 

This project focused on three areas where new uncertainty analysis methods are needed with the following 
scientific and technical objectives: 

 To develop methods for the evaluation of uncertainty in the context of inverse problems and 
regression problems that arise throughout metrology.  

 To develop methods for uncertainty evaluation in metrological applications with computationally 
expensive model functions 

 To develop methods for conformity assessment and reliable decision-making that incorporate 
knowledge of the measurement uncertainties; 

The project also focused on applying these methods to challenging applications by carrying out case studies 
where there was a pressing need for new uncertainty evaluation methods.  

 
Finally, the project aimed to build on an existing network of mathematical experts active in the EURAMET 
Focus Group Mathematical and Software Tools for Metrology project and lay the foundation for a European 
Centre for Mathematics and Statistics in Metrology. The Centre would disseminate state of the art methods 
to European NMIs, industry and other organisations and ensure that the momentum developed by the 
project is carried forward and that impact can be realised way beyond the end of the project. 
 
Results 
 
The three objectives have been completed and three Good Practice Guides have been produced and the 
MATHMET centre has been established.  
 
Novel method for uncertainty evaluation in regression and inverse problems 

Inverse problems are cases where the quantity of interest to the metrologist is not measured directly, but is 
instead a parameter in some relationship between the control and response variables of the measurement 
process. For example, immunoassay tests in biochemistry where testing for a molecule in solution is done 
through the use of an antibody. Regression problems are a type of inverse problem where the quantities of 
interest are parameters of a function linking the control and response variables that will then be used to 
estimate values of one variable at points where measurements have not been made. Calibration problems 
are the most commonly used instances of regression problems in metrology, and this project allows more 
accurate uncertainty calculations to be made. 

A Good Practice Guide “A Guide to Bayesian inference for regression problems” has been developed and is 
freely available for download. It provides a general introduction about how to deal with uncertainty evaluation 
in regression and inverse problems and suggests a Bayesian treatment based on conditional probability. 

The guidelines were used to develop a novel statistical method for the analysis of immunoassay tests. As a 
result, novel informative prior distributions have been developed which allow for a significantly improved 
analyses of such tests. These are often used for diagnosis of potential diseases in routine check-up tests of 
apparently healthy people as well as in diagnosis of specific diseases eg. myocardial infarction for which 
troponin is an indicator that is commonly tested with the enzyme-linked immunoassay tests studied in this 
project. In addition, the method serves as an illustration for the application of Bayesian inferences for non-
linear regression in metrology. This is an example of a regression problem, not covered by GUM. 
 
Novel methods for computationally expensive systems    

Uncertainty evaluation for applications which are described by equations, such as fluid or heat flow, are often 
non-linear and can require considerable computational resource. Using the GUM gives a linear 
approximation which is often crude or inaccurate. A model was used to assess and compare different 
sampling methods and different surrogate modelling methods.  

 Work on uncertainty evaluation for computationally expensive models focused on smart sampling methods 
and surrogate models. Smart sampling methods aim to capture the behaviour of the quantity of interest in a 
small number of model evaluations by careful choice of input parameter values. Surrogate models build an 
approximation to the full model based on a small number of model evaluations. 
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A Best Practice Guide “Uncertainty evaluation for computationally expensive models” was produced and 
published in 2015 and is available for free download. The guide provides a walk-through of the steps in the 
uncertainty evaluation process and compares multiple smart sampling methods and surrogate models using 
a simple test problem. Software has been created and tested for implementation of two of the sampling 
methods investigated. The guidance was illustrated using a set of real-world case study problems; fluid flow 
through an installation of pipes and through a nozzle, thermal diffusivity and scatterometry methods 
important in the manufacture of a wide range of products such as photomasks that are widely used in 
microelectronic element production where a better analysis of measurement uncertainty supports the 
optimisation or improvement of manufacturing processes by better quality control. The fluid flow case study 
led to a much improved estimation of systematic errors in flow meters in everyday installations and is 
therefore beneficial to consumers as well as water suppliers who could get a more accurate estimate of the 
water consumption, if the findings are applied to the positioning and correction of flow meters in practical 
situations.  

 
Novel methods for conformity assessment and reliable decision-making that incorporate knowledge of the 
measurement uncertainties 

New perspectives on measurement uncertainty in conformity assessment and decision making have been 
gained by extending existing approaches to multivariate, qualitative data, computationally expensive systems 
and the inclusion of measures of impact.    

A Best Practice Guide “A guide to decision-making and conformity assessment” and new software for 
assessing the conformance probability in different circumstances was published is freely available for 
download. Quality-assured measurements based on traceability and accurate evaluation of the 
measurement uncertainty are a valuable contribution to the technological infrastructure throughout the 
innovation process for many products and services. 

Best-practice in making multivariate conformity assessment and decision-making was illustrated in case 
studies of healthcare products. Mathematical and statistical approaches to uncertainty evaluation were 
introduced in studies where typically there was no simple theory of how the perceived (‘response’) properties 
depend on the physical material (‘explanatory’) properties of the material. This is needed when dealing with 
properties important for consumers, such as smoothness of material surfaces (skin) as perceived in 
measurements by human panellists, which in turn depend on the surface topography, friction and hardness, 
of interest to the manufacturer wishing to fashion the product to the consumer’s satisfaction. 

The research on a case study on the conformance assessment of electrical utility meters contained a 
description of the impact of today´s regulation and possible proposed changes. The case study on fire 
engineering provided a scientifically challenging example for conformity assessment based on a 
computationally expensive model and employs a hybrid approach.  Decisions on conformity are important for 
environmental monitoring and product safety testing, but there is often no clear or harmonised basis for 
sharing the risks that arise from measurement uncertainty between the consumer and the supplier. 
Measurements requiring multivariate approaches (e.g. in healthcare products) are commonly required in 
conformity assessment. In these cases, two or more quantities and the associated probability density 
functions are used in conformity assessment and decision making, and current guidelines do not address 
these cases. 
 
European Centre for Mathematics and Statistics in Metrology 
The European Centre for Mathematics and Statistics in Metrology was set up with the support from the NMIs 
for a long term commitment to scientific collaboration between the members of the consortium. It is a 
European platform for metrologists, academia and industry for mathematical statistical research in 
metrological areas to meet future industrial needs.  
 
Actual and potential impact 

General dissemination has been achieved through 22 scientific journal papers, 47 conference contributions, 
and 8 trade journal articles. In summer 2015, a training course provided the first opportunity for experts from 
European NMIs, as well as interested stakeholders from industry, universities, regulatory bodies and NMIs 
outside Europe. This interaction will help encourage the application of mathematics and statistics to 
challenging uncertainty evaluation problems beyond the partners of the project. MATHMET2014, an 
International Workshop on Mathematics and Statistics for Metrology was held in PTB which gathered about 
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75 scientists from NMIs in Europe and overseas as well as colleagues from universities and research 
institutes in a lively exchange on metrology-related mathematical research themes.   

Dissemination is also achieved by free distribution of 3 Best Practice Guides and 4 software packages 
through the project website and the MATHMET website.  Best practice guides on the three topic areas give 
comprehensive summaries of the main findings in combination with tutorial introduction for practitioners, and 
are available for free download from the project website. The results of this project will strengthen European 
capabilities for innovation by enabling traceability for modern metrology and measurement techniques and 
by strengthening European NMIs role in international organisations (eg in the Joint Committee for Guides in 
Metrology (JCGM) – Working Group 1 on Uncertainty in Measurement). Product testing, safety regulations, 
medical diagnosis and drug testing will benefit from the procedures for reliable uncertainty evaluation, 
decision-making and conformity assessment that were developed in this project.  
 
In the long term it is likely that this new guidance will be incorporated into GUM suite of documents, probably 
as a supplement; although the revision of the GUM is a long complicated process and will take many 
years.The BIPM, IEC, IFCC, ILAC, ISO, IUPAC, IUPAP and OIML, which are representative bodies for the 
standards in different sector of industry and research, had identified the need for this work for their sectors. 
Their nominated representatives constitute the JCGM Working Group 1 (JCGM/WG1) on the Expression of 
Uncertainty in Measurement. 

The European NMI scientists involved in the project are in dialogue with international and national technical 
committees and the wider metrological community. The results of the project were forwarded regularly to 
stakeholders, which included large energy generators, industrial companies, SMEs, instrument makes and 
research groups, and feedback has been received. The case studies have been developed in intensive 
exchange and resulted in seven joint publications. 

Collaboration between European NMIs with mathematical and statistical expertise is essential to ensure wide 
take-up of the project outputs and to maintain Europe’s current leading role in mathematics for metrology. 
Four key members of the consortium founded MATHMET – A European Centre for Mathematics and 
Statistics in Metrology as a platform to support and encourage such collaboration. MATHMET will continue to 
disseminate results internationally through its webpage (www.mathmet.org), and via conferences and 
workshops.   
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